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We present a new method for the verification of quantum circuits based on a novel symbolic representation of

sets of quantum states using level-synchronized tree automata (LSTAs). LSTAs extend classical tree automata by

labeling each transition with a set of choices, which are then used to synchronize subtrees of an accepted tree.

Compared to the traditional tree automata, LSTAs have an incomparable expressive power while maintaining

important properties, such as closure under union and intersection, and decidable language emptiness and

inclusion. We have developed an efficient and fully automated symbolic verification algorithm for quantum

circuits based on LSTAs. The complexity of supported gate operations is at most quadratic, dramatically

improving the exponential worst-case complexity of an earlier tree automata-based approach. Furthermore,

we show that LSTAs are a promising model for parameterized verification, i.e., verifying the correctness of
families of circuits with the same structure for any number of qubits involved, which principally lies beyond

the capabilities of previous automated approaches. We implemented this method as a C++ tool and compared it

with three symbolic quantum circuit verifiers and two simulators on several benchmark examples. The results

show that our approach can solve problems with sizes orders of magnitude larger than the state of the art.
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Software and its engineering→ Formal software verification.
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1 Introduction

With the recent progress in quantum hardware and the push to achieve quantum supremacy (cf.,

e.g., [8]), the vision of quantum computing, an ability to solve practical conventionally unsolvable
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problems, is slowly getting real. Systems and languages for programming quantum computers are

being intensively developed [5, 28, 56], together with efficient quantum algorithms for solving

real-world problems such as machine learning [12, 21], optimization [42],

This progress drives a demand for tools for reasoning about quantum programs. Writing quantum

programs is indeed immensely challenging due to their probabilistic nature and the exponential size

of the computational space. Errors are easily made and difficult to find. Tools for reasoning about

quantum programs would ideally have the following properties: (1) Flexibility: allows flexible speci-
fication of properties of interest, (2) Diagnostics: provides precise bug diagnostics, (3) Automation:
operates automatically, and (4) Scalability: scales efficiently to verify useful programs.

|𝑥1⟩ 𝐻

|𝑥2⟩

Fig. 1. The Bell state circuit.

• denotes the control qubit
and ⊕ denotes the target

qubit on which X is applied.

Symbolic verification [4, 14, 35, 36, 43] is one of the most successful

techniques that satisfies the above criteria for conventional programs.

However, there has been minimal progress in the area of symbolic veri-

fication for quantum circuits. This paper contributes towards filling this

gap by adapting automata-based symbolic verification [4] to quantum

circuits. More specifically, we think of the symbolic verification problem

in terms of Hoare triples {P}𝐶 {Q}, where P and Q are sets of quantum
states representing the pre-condition and the post-condition, and 𝐶 is

a quantum circuit. We aim to use symbolic verification to check the

validity of the triple, ensuring that all executions of 𝐶 from states in P result in states within Q.

Example 1. As an example of a verification problem, let𝐶 be the circuit creating Bell states in Fig. 1.

The circuit begins by applying the H gate to the first qubit, followed by a controlled-X gate with the

first qubit as the control and the second qubit as the target. The circuit converts 2-qubit computa-

tional basis states to Bell states (maximally entangled states). Its correct implementation satisfies the

Hoare triple with the pre-condition P = {|00⟩ , |01⟩ , |10⟩ , |11⟩} (computational basis states are de-

noted using the Dirac notation |𝑥1𝑥2⟩) and the post-condition Q = { 1√
2

( |00⟩ ± |11⟩), 1√
2

( |01⟩ ± |10⟩) |
± ∈ {+,−}} (Bell states). □

Our quantum circuit symbolic verification framework comprises three major components:

(1) a succinct symbolic representation of sets of quantum states allowing efficient manipulation

and facilitating flexible specification of desired pre- and post-conditions, (2) algorithms for symbolic
execution of individual quantum gates, which compute the symbolic representation of output states

from input states and explore the reachable state space after circuit execution, (3) entailment test
on the symbolic representation to verify that all reachable states conform to the specified post-

condition or report a witness when the specification is violated. Together, these components enable

flexible, diagnostic, automated, and scalable verification of quantum circuits.

𝑥1

𝑥2

0

1√
2

𝑥2

1√
2

0

Fig. 2.
1√
2

( |01⟩ + |10⟩).

Succinct symbolic representation. The central part of our framework

is a novel symbolic representation of sets of quantum states, the level-
synchronized tree automata (LSTAs). The concept evolved from decision

diagrams that have been used to succinctly represent one quantum state,

e.g., in [41, 48, 50, 53]. They are based on viewing a quantum state as

a binary tree, where each branch (a path from a root to a leaf) represents

a computational basis state, such as |10⟩ or |00⟩ for a two-qubit circuit. The
tree is perfect, i.e., the length of every branch is the same and equals the

number of qubits in the circuit. The leaves represent the complex probability amplitudes1 of the

1
Amplitude is a generalization of the concept of “probability.” The square of the absolute value of a complex amplitude

represents the corresponding probability. The use of complex numbers allows for the expression of “negative probabilities”

(obtained after squaring) that are canceled out due to interference.
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Fig. 4. An LSTA representing the set of quantum states of the form
1√
2

( |0𝑏2𝑏3 . . . 𝑏𝑛⟩ ± |1¯𝑏2
¯𝑏3 . . . ¯𝑏𝑛⟩).

state. An example in Fig. 2 shows the tree representing a state with two qubits where the basis

states |01⟩ and |10⟩ have the probability amplitude
1√
2

and the others have the amplitude 0. In the

figure, dashed edges denote the 0 value and solid edges denote the 1 value of the variable that is in

the source node of the edge, so the |01⟩ state is encoded by first taking the dashed edge (from the

node labelled by 𝑥1) and then the solid one (from the left-most 𝑥2 node).

LSTAs enrich decision diagrams with three important features. First, they allow disjunctive
branching, which increases their compactness, enabling different quantum states to share common

structures. This has also been observed and used in the work of [19], resulting in an exponential

space saving compared with storing quantum states as a set of BDDs. Second, they allow cycles,
which enables representing unboundedly many quantum states and opens a path towards veri-

fication of quantum circuits with a parameterized number of qubits. The addition of cycles and

disjunctive branching results in a class of tree automata. On top of that, LSTAs are equipped with

a novel mechanism of tree level synchronization, which yet again dramatically increases succinctness

(up to exponentially) and simplifies the symbolic execution of quantum gates.

𝑝

𝑞+ 𝑞±

𝑟+ 𝑟0 𝑟±

1√
2

0

1√
2

−1√
2

{1}
𝑥1

{1}
𝑥2

{2}
𝑥2

{1}
𝑥2

{2}
𝑥2

{1, 2} {1, 2} {1} {2}

Fig. 3. The LSTA representing Bell states

Example 2 (An LSTA for a simple 2-qubit circuit.). We in-

tuitively explain the features of LSTAs on an encoding of

the post-condition from Example 1. The set of Bell states

(post-condition) is generated by the LSTA in Fig. 3. The

LSTA generates trees representing quantum states from

the root downward, starting at the root state 𝑝 , and pro-

ceeding iteratively by picking a transition to generate chil-

dren states, until reaching the leaves. For example, the

tree from Fig. 2 can be generated by first picking the

transition 𝑝
{1}

𝑥1 𝑞+ 𝑞± , then the two transitions,

𝑞+
{2}

𝑥2 𝑟0 𝑟+ , 𝑞±
{2}

𝑥2 𝑟± 𝑟0 , and ending with the leaf transitions 𝑟+
{1, 2} 1√

2

,

𝑟0

{1, 2}
0 , 𝑟±

{1} 1√
2

. Like the traditional tree automata (TAs) model [23], LSTAs allow dis-

junctive branches and use them to express multiple states with a shared structure. Here, the states

𝑞+, 𝑞±, and 𝑟± have two disjunctive transitions. Their combination would generate 8 different trees.

Not all of these combinations are, however, intended. LSTAs enrich the traditional TA model by

labeling the transitions with sets of choices (the {1}, {2}, and {1, 2} in this example). The choices

play an essential role in restricting the set of generated trees to the intended ones. Namely, at every

tree level, the used transitions must agree on a common choice, otherwise the tree will be rejected.

Particularly in the second level of the tree, the transitions labeled {1} can be taken together, as

they agree on 1, or transitions labeled {2} can be taken together, as they agree on 2. A combination

Proc. ACM Program. Lang., Vol. 9, No. POPL, Article 32. Publication date: January 2025.
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of a transition labeled {1} and a transition labeled {2} is not admissible as their sets of choices are

disjoint. Including also the admissible choices at the third level, the LSTA generates exactly the 4

Bell states (using the 9 transitions in the figure). □

𝑥1

𝑥2 𝑥2|𝑏
2𝑏

3
...𝑏

𝑛⟩

|
¯𝑏

2

¯𝑏
3
. . .

¯𝑏𝑛 ⟩

0... 1√
2

...0 0... ±1√
2

...0

Fig. 5. GHZ states

Example 3 (Succinctness of LSTAs in a larger 𝑛-qubit circuit). The suc-
cinctness of LSTAs and the role of the level synchronization is visible

when the previous example is generalized to 𝑛 qubits, where LSTAs

can represent the 2
𝑛
output quantum states with a linear number of

transitions. Indeed, the 2-qubit circuit can be generalized to 𝑛-qubit cir-

cuits, generating the so-called GHZ states
2
[29]𝑄 = { 1√

2

( |0𝑏2𝑏3 . . . 𝑏𝑛⟩ ±
|1¯𝑏2

¯𝑏3 . . . ¯𝑏𝑛⟩) | 𝑏2𝑏3 . . . 𝑏𝑛 ∈ B𝑛−1 ∧ ± ∈ {+,−}}, where ¯𝑏 denotes

the complement of 𝑏. We visualize a GHZ state in Fig. 5; the basis

|0𝑏2𝑏3 . . . 𝑏𝑛⟩ has amplitude
1√
2

and |1¯𝑏2

¯𝑏3 . . . ¯𝑏𝑛⟩ has amplitude
1√
2

or
−1√

2

.

An LSTA can be used to represent the post-condition𝑄 with only 5𝑛 − 1

transitions (see Fig. 4). This results in an exponential space saving compared to other standard ways

of storing sets of quantum states precisely, such as traditional tree automata [19], sets of BDDs [50],

or sets of state vectors [37], which all need exponential space to store the 2
𝑛
quantum states in 𝑄 .

LSTAs achieve this succinctness by combining disjunctive branching and level synchronization.

Each GHZ state consists of a left-hand side 0-rooted subtree (called 0-subtree below) and a right-

hand side 1-rooted subtree (called 1-subtree), see Fig. 5. Each subtree has all leaves except one

labeled 0. The two distinguished leaves are reached by two paths that are mirror images of each

other, representing the 0-basis 𝑏2𝑏3 . . . 𝑏𝑛 and the inverted 1-basis
¯𝑏2

¯𝑏3 . . . ¯𝑏𝑛 . Disjunctive branching

does the first part of the job: it represents the set of all 2
𝑛−1

subtrees with a single distinguished

leaf by a number of transitions linear to 𝑛. The LSTA traces the path towards the distinguished leaf

by a sequence of states 𝑞1

+, . . . , 𝑞
𝑛
+ in the 0-subtree and 𝑞1

±, . . . , 𝑞
𝑛
± in the 1-subtree (Fig. 4). When the

subtrees are generated, each state on the path spawns two children. One is the next state in the

sequence, the other is a state 𝑞𝑖
0
that generates a uniform tree with all leaves 0. Each state on the

path can choose to continue the path to the left or to the right by choosing one of two transitions

(this is the disjunctive branching).

Level synchronization is then used to ensure that the two paths towards the distinguished leaves

are mirror images of each other. In every level of the tree, if the path in the 0-subtree is continuing

to the left, then the path in the 1-subtree must continue to the right, and vice versa. The LSTA in

Fig. 4 achieves this as follows: in the 0-subtree, the left/right transitions continuing the path are

associated with the choices 1 and 2, respectively, and in the right subtree, the left/right continuing

transitions are associated with the choices in the inverted manner, 2 and 1, respectively. Without

this level-synchronization mechanism, each 0-subtree would need a unique root transition to

connect to its corresponding 1-subtree, requiring 2
𝑛−1

root transitions (we argue in Theorem 16

that an exponential number of transitions is unavoidable). □

In fact, many quantum gates create a correspondence between subtrees of a tree (cf. Section 2.2.1

and Fig. 7)—this is a typical manifestation of quantum entanglement. Hence, level synchronization

is also helpful in the general case, not only for some special circuits. We will give more examples

in Section 4, where we demonstrate that LSTAs can succinctly express a wide range of correctness

properties of quantum circuits, including the following verification tasks. All the involved LSTAs

are of a size linear in the number of qubits.

2
Often GHZ states refer to the set { 1√

2

( |0𝑛 ⟩ + |1𝑛 ⟩) | 𝑛 ∈ N}, but here we refer to a generalized version obtained by feeding

all 𝑛-qubit computational basis states to the GHZ generating circuit.
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• We can verify the correctness of a circuit component, for example, a multi-control Toffoli gate
implemented with standard Toffoli gates (with two control inputs).
• We can construct a template oracle circuit that reads secret strings from the input and use

it to verify oracle-based circuits. E.g., by verifying a Bernstein-Varzirani circuit against all

possible oracles, we ensure it correctly identifies the secret string with just one oracle query.

• By allowing the use of variables at tree leaves, we can verify that a Grover iteration indeed
increases the probability of finding a correct solution for infinitely many feasible input states.

• Moreover, LSTAs can be used to specify the equivalence of two circuits 𝐶 and 𝐶′. We can

use LSTAs to express a set of 2
𝑛 linearly independent vectors compactly using a linear (in 𝑛)

number of transitions. If we use this LSTA as the pre-condition and also as the post-condition

for a symbolic verification framework, we can check if a circuit’s function corresponds to

identity. We can then check if 𝐶 and 𝐶′ are equivalent by sequentially composing 𝐶 with the

inverse of 𝐶′ and checking if the result is identity.

Fast symbolic execution of gates. With an LSTA-encoded precondition, the next step is to compute

an LSTA encoding all states reachable from the precondition after executing a circuit. In Section 5,

we develop algorithms to execute gates symbolically, i.e., to compute LSTA-represented output

states from LSTA-represented input states and a single quantum gate𝑈 . We support a wide variety

of quantum gates, including all single-qubit gates and (multi-)control gates, such as the Toffoli gate.

We show that all supported gates can be executed over LSTAs in a time quadratic in the size of the

input LSTA. The reachable states can then be computed via a sequence of symbolic gate executions.

Entailment of LSTAs and other operations. The next step is to verify if all reachable states satisfy

the postcondition. In Section 6, we present an algorithm for the entailment (i.e., language inclusion)

test between LSTAs. We show that LSTA entailment is decidable with the complexity between

PSPACE and EXPSPACE and can be implemented to run fast enough in practice. When the

entailment test fails, the algorithm can return a tree witnessing the entailment violation. The

quantum state represented by the tree can then be used to diagnose the quantum circuit and find

out why verification fails. We also show that LSTAs have decidable (PSPACE-complete) emptiness

problem, are closed under union and intersection, but not closed under complement.

Experimental evaluation. Our experimental results in Section 7 clearly demonstrate that LSTAs

enable a highly efficient and scalable framework for automated quantum circuit verification. Im-

plemented as an updated version of our tool, AutoQ, our approach successfully handled multiple

verification tasks, verified all specified correctness properties, and found all injected bugs. We

compared the new AutoQ with three recent symbolic quantum circuit verifiers, AutoQ-old [19],

CaAL [20], and symQV [9] and two simulators SliQSim [50] and SV-Sim [37] on several benchmark

examples. Notably, AutoQ significantly outperformed all other tools in these tasks.

𝑝

𝑞1

𝑞0

1

0

{1}

𝑥

{1}

𝑥

{1}
𝑥

{2}

{2}

Fig. 6. {|0𝑛⟩ | 𝑛 ≥ 1}.

Towards parameterized verification of quantum circuit. As LSTAs nat-
urally allow cycles in their transition relation, they show a promise for

parameterized verification of quantum circuits, checking the correctness

of a circuit template for any (parametric) number of qubits. For instance,

Fig. 6 contains an LSTA that encodes the set of states |0𝑛⟩ for any number

of qubits 𝑛. Here, we label transitions with 𝑥 to denote that it is an un-

specified qubit, and its value depends on the tree level on which it is used.

We extended our approach to support various types of parameterized

quantum gates, including the application of CX gates to every consecutive

qubit. We were able to describe the template and establish the correctness

Proc. ACM Program. Lang., Vol. 9, No. POPL, Article 32. Publication date: January 2025.
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of GHZ circuits [29] and circuits performing diagonal Hamiltonian simulation [40] and fermionic
unitary evolution [59], which are frequently used in quantum chemistry and material science.

2 Preliminaries

This section aims to provide readers with a basic understanding of quantum computing. Quantum

computers are programmed through quantum gates, and each gate application updates the global

quantum state. A quantum circuit is a sequence of quantum gate applications.

2.1 Quantum States

In a traditional computer system with 𝑛 bits, a state is represented by 𝑛 Boolean values. In the

quantum world, such states are referred to as computational basis states. For example, in a system

with three bits labeled 𝑥1, 𝑥2, and 𝑥3, the computational basis state |011⟩ indicates that the value of 𝑥1

is 0 and the values of 𝑥2 and 𝑥3 are 1. In a quantum system, an 𝑛-qubit quantum state encodes the
amplitude information of a superposition of all possible 𝑛-bit computational basis states, denoted

as a formal sum

∑
𝑗∈{0,1}𝑛 𝑎 𝑗 · | 𝑗⟩, where 𝑎0, 𝑎1, . . . , 𝑎2

𝑛−1 ∈ C are complex amplitudes satisfying
the property that

∑
𝑗∈{0,1}𝑛 |𝑎 𝑗 |2 = 1. Intuitively, |𝑎 𝑗 |2 is the probability that when we measure the

quantum state in the computational basis, we obtain the classical state | 𝑗⟩; these probabilities must

sum up to 1 for all computational basis states. The standard representation of a quantum state is

a vector (𝑎0, 𝑎1, . . . , 𝑎2
𝑛−1)𝑇 of amplitude values, where the superscript 𝑇 denotes transposition.

We represent a quantum state using a decision tree where each branch represents a computational

basis state and the leaves hold complex amplitudes. We demonstrate in Fig. 8a an example of

a decision tree encoding a quantum state 𝑞 = 𝑎 · |00⟩ + 𝑏 · |01⟩ + 𝑐 · |10⟩ + 𝑑 · |11⟩. This viewpoint
enables us to see the definition of standard quantum gate operations as tree transformations.

3
The

viewpoint also allows us to represent a set of states compactly using LSTAs. In fact, the tree view

can be generalized to handle any vector of 2
𝑛
entries. We will show that LSTAs can compactly

represent some sets of linearly independent vectors and use them for testing circuit equivalence.

2.2 Quantum Gates and Circuits

The two main types of quantum gates used in state-of-the-art quantum computers are single-qubit
gates and controlled gates.

2.2.1 General single-qubit gates. In general, a single-qubit gate is presented as a unitary complex
matrix U, shown below together with some common examples of this category (𝜃 is a parameter):

U =

(
𝑢1 𝑢2

𝑢3 𝑢4

)
, X =

(
0 1

1 0

)
, Y =

(
0 −𝑖
𝑖 0

)
, RX (𝜃 ) =

(
cos

𝜃
2
−𝑖 sin

𝜃
2

−𝑖 sin
𝜃
2

cos
𝜃
2

)
, H =

1

√
2

(
1 1

1 −1

)
,

Z =

(
1 0

0 −1

)
, S =

(
1 0

0 𝑖

)
, T =

(
1 0

0 𝑒
𝑖𝜋
4

)
, RZ (𝜃 ) =

(
𝑒−

𝑖𝜃
2 0

0 𝑒
𝑖𝜃
2

)
, Ph(𝜃 ) =

(
𝑒𝑖𝜃 0

0 𝑒𝑖𝜃

)
.

𝑥1

𝑥2

𝑥3

𝑇0

𝑎1, 𝑎2, . . . , 𝑎𝑘

𝑇1

𝑏1, 𝑏2, . . . , 𝑏𝑘

Fig. 7. 𝑇0 and 𝑇1

We use U𝑖 to denote the application of gate U to the 𝑖-th qubit. In linear

algebra, the application of a gate to a state (𝑎0, 𝑎1, . . . , 𝑎2
𝑛−1)𝑇 corresponds

to the matrix multiplication (𝐼𝑖−1 ⊗ U ⊗ 𝐼𝑛−𝑖 ) · (𝑎0, 𝑎1, . . . , 𝑎2
𝑛−1)𝑇 , where

𝐼 𝑗 is the 2
𝑗
dimensional identity matrix and ⊗ is the tensor product. Under

the tree view, a gate operation corresponds to a tree transformation on

every two neighboring subtrees at level 𝑖 . We use Fig. 7 to illustrate how the

transformation U3 works. Here 𝑇0 and 𝑇1 are the 0-subtree and 1-subtree of a

3
Note that we do not discuss how to represent complex numbers; representing complex numbers precisely in computers is

an orthogonal issue to our work and can be handled by, e.g., the approach from [62] and [50].
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node labeled 𝑥3. Their leaves encode the amplitudes 𝑎1, 𝑎2, . . . , 𝑎𝑘 and 𝑏1, 𝑏2, . . . , 𝑏𝑘 , respectively.

After applying U3, the leaves of𝑇0 become (𝑢1 · 𝑎1 +𝑢2 · 𝑏1), (𝑢1 · 𝑎2 +𝑢2 · 𝑏2), . . . , (𝑢1 · 𝑎𝑘 +𝑢2 · 𝑏𝑘 ),
obtained by multiplying the amplitudes of 𝑇0 with 𝑢1, those of 𝑇1 with 𝑢2, and summing up the two.

Similarly, the leaves of 𝑇1 become (𝑢3 · 𝑎1 + 𝑢4 · 𝑏1), (𝑢3 · 𝑎2 + 𝑢4 · 𝑏2), . . . , (𝑢3 · 𝑎𝑘 + 𝑢4 · 𝑏𝑘 ). The
same transformation occurs in all neighboring subtrees at the same level. It is essential to note that

the sum of probabilities remains the same after the U gate application, as U is unitary. We provide

examples of applying X2, Z2, H1 on 𝑞 in Fig. 8b, Fig. 8c, and Fig. 8d, respectively.

𝑥1

𝑥2

𝑎 𝑏

𝑥2

𝑐 𝑑

(a) The state 𝑞

𝑥1

𝑥2

𝑏 𝑎

𝑥2

𝑑 𝑐

(b) Applied X2

𝑥1

𝑥2

𝑎 −𝑏

𝑥2

𝑐 −𝑑
(c) Applied Z2

𝑥1

𝑥2

𝑎+𝑐√
2

𝑏+𝑑√
2

𝑥2

𝑎−𝑐√
2

𝑏−𝑑√
2

(d) Applied H1

Fig. 8. The effect of applying single-qubit quantum gates to the state 𝑞.

2.2.2 Two frequently used
sub-categories. In fact, most

of the quantum gates have

a simpler structure than

the general case. Except

the RX (𝜃 ) and H gates,

all other considered single-

qubit gates belong to the

following two categories (or their composition): (1) the X (negation) gate and (2) diagonal matrix

(𝑢2 = 𝑢3 = 0) gates. This allows more efficient automata algorithms than the general case.

The X gate is the quantum “negation” gate. Applying X𝑖 on a quantum state effectively swaps the

0- and 1-branches of all nodes at the level 𝑖 . An example of applying X2 on 𝑞 is available at Fig. 8b.

Gates with diagonal matrices, e.g., Z, S, T, RZ (𝜃 ), and Ph(𝜃 ), multiply all 0- or 1-subtrees under

nodes labeled 𝑥𝑖 by the complex values 𝑟0 and 𝑟1, respectively. We note that |𝑟0 | and |𝑟1 | always
equal 1. We use D

𝑟0,𝑟1
to denote a gate with the diagonal matrix D

𝑟0,𝑟1 =
( 𝑟0 0

0 𝑟1

)
. We refer the reader

to Fig. 8c for an example of the application of Z2 = D
1,−1

2
on 𝑞. Gates with anti-diagonal matrices,

e.g., Y, can be composed from X and D
𝑖,−𝑖

(i.e., Y = X · D𝑖,−𝑖
).

2.2.3 Controlled gates. A controlled gate CU uses another quantum gate U as its parameter.

CU has a control qubit 𝑥𝑐 and the gate U is applied only when the control qubit 𝑥𝑐 has value 1.

The controlled X gate CX
1

2
has the control qubit 𝑥1 and would apply X2 when 𝑥1 is valued 1.

𝑥1

𝑥2

𝑎 𝑏

𝑥2

𝑐 𝑑

(a) The state 𝑞.

𝑥1

𝑥2

𝑎 𝑏

𝑥2

𝑑 𝑐

(b) Applied CX
1

2
.

𝑥1

𝑥2

𝑎 𝑑

𝑥2

𝑐 𝑏

(c) Applied CX
2

1
.

Fig. 9. The effect of applying controlled gates to the state 𝑞.

The result of applying CX
1

2
on 𝑞 is avail-

able in Fig. 9b. Observe that X2 is only ap-

plied to the 1-subtree of 𝑥1. On the other

hand, the result of applying CX
2

1
on 𝑞 is

available in Fig. 9c. Observe that all 0-

subtrees at level 2 remain the same as in 𝑞,

but the 1-subtrees at level 2 are updated

to the corresponding ones after applying the X1 gate to 𝑞.

2.2.4 Quantum circuits. As we mentioned before, a quantum circuit is a sequence of quantum gates.

Executing a circuit effectively performs a sequence of tree updates following the gates’ semantics.

We often represent a quantum circuit using a diagram as in Fig. 1, which is also written as 𝐻1𝐶𝑋
1

2
.

As an analogy, in classical circuits, a state corresponds to a computational basis state, and

a gate application transforms one basis state to another. This process can be represented using

a single tree branch. In contrast, encoding quantum states requires accounting for the amplitude

values of all computational basis states, which necessitates using a complete tree structure for

representation. Our method captures key quantum-specific features, particularly the ability to

encode superpositions of basis states and their associated amplitudes. While our methods can be

adapted to verify classical circuits by simplifying the state representation and adding support to
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classical gates, the primary distinction lies in our approach to handling quantum superposition and

gate semantics—features that are absent in classical computation.

3 Level-Synchronized Tree Automata

In this paper, a new tree automata model called Level-Synchronized Tree Automata (LSTAs) is

developed. The expressiveness of this model is incomparable with the traditional tree automata

model (Theorem 17) while maintaining important properties such as being closed under union and

intersection. It also allows for testing language emptiness and inclusion, enabling the testing of

whether all reachable states are included in the post-condition. One crucial advantage of LSTAs is

that they annotate transitions with “choices” and use them to coordinate between tree branches,

enabling efficient quantum state encoding and gate operations (see Section 2.2).

3.1 Formal Definition of LSTAs

Binary Trees. We use N to represent the set of natural numbers (without 0), N0 = N ∪ {0} to
represent the set of non-negative integers, and B = {0, 1} to represent the Boolean values. A ranked

alphabet is a set of symbols Σ with a corresponding rank given by a function # : Σ→ {0, 2}. The
symbols with rank 0 are called leaf symbols, and those with rank 2 are called internal symbols.

A binary tree is a finite map 𝑇 : {0, 1}∗ → Σ that maps tree nodes (i.e., words over the alpha-
bet {0, 1}) to symbols in Σ, and satisfies that (1) the domain of 𝑇 is prefix-closed and (2) if 𝑇 (𝑣) = 𝑓

and 𝑓 is internal, then the set of children of 𝑣 in 𝑇 is {𝑣 .0, 𝑣 .1}, and if 𝑓 is a leaf symbol then 𝑣 has

no children. Nodes labeled by leaf symbols and internal symbols are called leaf nodes and internal
nodes, respectively. A node’s height is its word length, denoted ht(𝑤); e.g., ht(01010) = 5. A node

𝑤 is at tree level 𝑖 when ht(𝑤) = 𝑖 . A tree is perfect if all leaf nodes have the same height. We need

only perfect binary trees to represent quantum states or vectors of sizes 2
𝑛
.

Example 4. The quantum state of Fig. 2 corresponds to a tree𝑇 with𝑇 (𝜖) = 𝑥1,𝑇 (0) = 𝑇 (1) = 𝑥2,

𝑇 (00) = 𝑇 (11) = 0, and 𝑇 (01) = 𝑇 (10) = 1√
2

, where 𝜖 is an empty string. We have dom(𝑇 ) =
{𝜖, 0, 1, 00, 01, 10, 11}. Children of the node 0 are 00 and 01. The leaf node 01 has no children.

Definition 5. A level-synchronized tree automaton (LSTA) is a tuple A = ⟨𝑄, Σ,Δ,R⟩ where
(1) 𝑄 is a finite set of states, R ⊆ 𝑄 is a set of root states, and Σ is a ranked alphabet.

(2) Δ is a set of transitions of the form 𝑞−𝐶→ 𝑓 (𝑞1, 𝑞2) (internal trans.) or 𝑞−𝐶→ 𝑓 (leaf trans.),
where 𝐶 ⊆ N0 is a finite set of choices (represented as natural numbers), 𝑞, 𝑞1, 𝑞2 ∈ 𝑄 , and
𝑓 ∈ Σ. In figures, we draw internal and leaf transitions as 𝑞

𝐶
𝑓 𝑞1 𝑞2 and 𝑞

𝐶
𝑓 .

(3) We call 𝑞, 𝑓 , 𝐶 , and {𝑞1, 𝑞2} the top, the symbol, the choices, and the bottom, respectively, of

the transition 𝛿 , and denote them by top(𝛿), sym(𝛿), ℓ (𝛿), and bot(𝛿), respectively. We use

|A| to denote A’s number of states.

(4) We further require that the choices of transitions with the same top state are disjoint, i.e.,

∀𝛿1 ≠ 𝛿2 ∈ Δ : top(𝛿1) = top(𝛿2) =⇒ ℓ (𝛿1) ∩ ℓ (𝛿2) = ∅
The language of an LSTA. A run of an LSTA A on a tree 𝑇 is a total map 𝜌 : dom(𝑇 ) → Δ

from tree nodes to transitions of A such that for each node 𝑣 ∈ dom(𝑇 ), when 𝑣 is an internal

node, 𝜌 (𝑣) is of the form 𝑞−𝐶→ 𝑇 (𝑣) (𝑞0, 𝑞1), where the two bottom states 𝑞0 = top(𝜌 (𝑣 .0)) and
𝑞1 = top(𝜌 (𝑣 .1)) are the two top states of 𝑣 ’s children 𝜌 (𝑣 .0) and 𝜌 (𝑣 .1). When 𝑣 is a leaf node,

𝜌 (𝑣) is of the form 𝑞−𝐶→ 𝑇 (𝑣).
Example 6. We define a run 𝜌 of the LSTA A in Fig. 3 on the tree 𝑇 in Fig. 2 as follows. We have

𝜌 (𝜖) = 𝑝−{1}→ 𝑥1 (𝑞+, 𝑞±), 𝜌 (0) = 𝑞+−{2}→ 𝑥2 (𝑟0, 𝑟+), 𝜌 (1) = 𝑞±−{2}→ 𝑥2 (𝑟±, 𝑟0),
𝜌 (01) = 𝑟+−{1,2}→ 1√

2

, 𝜌 (10) = 𝑟±−{1}→ 1√
2

, 𝜌 (00) = 𝜌 (11) = 𝑟0−{1,2}→ 0. □
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We define the level 𝑑 of a run 𝜌 as the set of transitions with height 𝑑

level(𝜌, 𝑑) := {𝜌 (𝑤) | 𝑤 ∈ dom(𝑇 ) ∧ ht(𝑤) = 𝑑} .

The run 𝜌 is accepting if top(𝜌 (𝜖)) ∈ R and all transitions from the same level share some

common choice, i.e., ∀𝑑 ∈ N :

⋂
𝛿∈level(𝜌,𝑑 ) ℓ (𝛿) ≠ ∅—in other words, transitions at each tree level

are synchronized. The language of A is the set L(A) of trees 𝑇 with an accepting run.

Example 7. Continuing from Example 6, we have level(𝜌, 1) = {𝑞+−{2}→ 𝑥2 (𝑟0, 𝑟+), 𝑞±−{2}→
𝑥2 (𝑟±, 𝑟0)} and level(𝜌, 2) = {𝑟+−{1,2}→ 1√

2

, 𝑟0−{1,2}→ 0, 𝑟±−{1}→ 1√
2

}. Observe that 𝜌 is accepting

because top(𝜌 (𝜖)) = 𝑝 ∈ R, the transitions from level(𝜌, 1) have a common choice 2, and those

from level(𝜌, 2) have a common choice 1. □

We defer a detailed discussion on properties of LSTAs to Section 6. At this point, we just note that

the inclusion test over LSTAs, i.e., checking if L(A1) ⊆ L(A2) for LSTAs A1 and A2, is decidable.

4 Using LSTAs To Describe Correctness Properties

We can use an LSTA to encode a set of perfect binary trees (quantum states or vectors) and use them

as pre- and post-conditions for verification of quantum circuits. Below, we will provide examples

of the verification problems and the corresponding specifications given using LSTAs.

4.1 Verification of Oracle-Based Algorithms

. . .

|𝑠1⟩

|0⟩ 𝐻 𝐻

|𝑠2⟩

|0⟩ 𝐻 𝐻

. . .

|𝑠𝑛⟩

|0⟩ 𝐻 𝐻

|1⟩ 𝐻 𝐻

Fig. 10. BV circuit. Standard Toffoli gates have

two • as controls and one ⊕ as the target.

An oracle circuit is a black box circuit used to encode

a specific function. It plays a crucial role in many quan-

tum algorithms by providing a way to query infor-

mation in a single computational step. In the case of

Grover’s search algorithm [30], the oracle circuit en-

codes a function 𝑓 (𝑥) : B𝑛 → B that outputs 1 if 𝑥 is the

solution and 0 otherwise. In the case of the Bernstein-

Vazirani algorithm [10], the oracle circuit encodes a se-

cret bit string. To verify the correctness of these algo-

rithms against all possible oracles, one way is to create

a parameterized oracle circuit that uses input qubits

and control gates to generate the corresponding oracle.

By composing the parameterized oracle circuit and the

circuit to be verified, we can create a framework to

verify the correctness of these circuits against all oracles.

Taking verification of the Bernstein-Vazirani algorithm (BV) as an example, the composed circuit

consists of 2𝑛 + 1 qubits (Fig. 10), where the highlighted part is the oracle circuit and the rest is

the circuit under verification. We emphasize that in our setting, we consider parameterized oracle

with the secret provided as a part of the input of the circuit. The qubits 𝑠1, 𝑠2, . . . , 𝑠𝑛 serve as the input

for the parameterized oracle circuit, and the other qubits act as the working tape of the circuit being

verified, particularly, the last qubit acts as the ancilla, i.e., an auxiliary variable in the sense of classical
program verification. We will verify the correctness of the implementation using the precondition

{|𝑠10𝑠20 . . . 𝑠𝑛01⟩ | 𝑠1, 𝑠2, . . . 𝑠𝑛 ∈ B} and the postcondition {|𝑠1𝑠1𝑠2𝑠2 . . . 𝑠𝑛𝑠𝑛1⟩ | 𝑠1, 𝑠2, . . . 𝑠𝑛 ∈ B}.
That is, considering all possible secret strings 𝑠1𝑠2 . . . 𝑠𝑛 as the input of the oracle circuit and

verifying that the BV circuit finds the same string at the output. We show the LSTA representing

the postcondition in Fig. 11. In this LSTA, the states 𝑞𝑖
0
generate subtrees with leaves 0. From the

state 𝑞𝑖 , the LSTA picks a secret bit 𝑏 using the disjunctive branch, remembers it in states 𝑞𝑖+1
𝑅
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𝑞0 𝑞1

𝑅

𝑞1

𝐿

𝑞1

0

𝑞2

𝑞2

0

𝑞3

𝑅

𝑞3

𝐿

𝑞3

0

𝑞2𝑛−1

𝐿

𝑞2𝑛−1

𝑅

𝑞2𝑛−1

0

𝑞2𝑛

𝑞2𝑛
0

𝑟1

𝑟0

1

0

{1}
𝑥1

{2} 𝑥1

{1}
𝑥2

{1}
𝑥2

{1}
𝑥2

{1}
𝑥3

{2} 𝑥3

{1, 2}
𝑥3

{1}
𝑥2𝑛

{1}
𝑥2𝑛

{1}
𝑥2𝑛

{1}
𝑥2𝑛+1

{1}
𝑥2𝑛+1

{1}

{1}

Fig. 11. An LSTA encoding the BV postcondition |𝑠1𝑠1 . . . 𝑠𝑛𝑠𝑛1⟩

(𝑏 = 1) or 𝑞𝑖+1
𝐿

(𝑏 = 0), and repeats the value in the next transition. The precondition can be modeled

in a similar manner to Fig. 11 and, hence, omitted.

4.2 Verification of Compound Multi-ControlQuantum Gates

|𝑐1⟩

|𝑐2⟩

|0⟩

|𝑐3⟩

|0⟩

|𝑐4⟩

|0⟩

|𝑐5⟩

|0⟩

|𝑡⟩

Fig. 12. Multi-control Toffoli with 5 control qubits.

When implementing quantum algorithms on

quantum computers, which have a limited set

of supported gates, one often needs to find a way

how to implement an unsupported gate by com-

posing several natively supported gates. For in-

stance, the multi-control Toffoli gate is not typ-

ically supported and is often created using stan-

dard Toffoli gates (cf. Fig. 12). In this type of

circuit, qubits |𝑐1⟩ , . . . , |𝑐𝑛⟩ serve as the control,
those |0⟩ below the controlled qubits are the an-

cilla qubits, and the last qubit |𝑡⟩ is the target. For
this circuit to be correct, it should hold that (1) it

maps ancilla qubits |0𝑛−1⟩ to |0𝑛−1⟩ (we do not

impose any restrictions on the behavior of the cir-

cuit if the input ancillas are not |0𝑛⟩) and (2) the

operation of the circuit on the rest of the qubits

is equivalent to a multi-control Toffoli gate, i.e., for computational bases of the form |𝑐1 . . . 𝑐𝑛𝑡⟩, it
swaps the amplitudes of bases |1𝑛0⟩ and |1𝑛1⟩ and keeps all the other bases the same.

A fundamental issue with specifying the functionality of such circuits using Hoare triples is that

we need to express a mapping between input and output quantum states, which is not directly

expressible using only sets of states
4
. In the case of multi-control gates, we can use the fact that

the values of the control qubits should not change at the output, and we only care about the

case the values of the ancillas remain 0, the only qubit whose value will change is the target |𝑡⟩.
Hence, we reduce the verification problem to two sub-problems against the two pairs of pre- and

postconditions Pre𝑘 and Post𝑘 below, for the value of |𝑡⟩ being 𝑘 ∈ B.

Pre𝑘 = {|𝑐1𝑐20𝑐30 . . . 𝑐𝑛0𝑘⟩ | 𝑐1, . . . , 𝑐𝑛 ∈ B}
Post𝑘 = {|𝑐1𝑐20𝑐30 . . . 𝑐𝑛0𝑘 ′⟩ | 𝑐1, . . . , 𝑐𝑛 ∈ B, 𝑘 ′ = (𝑐1 ∧ . . . ∧ 𝑐𝑛) ⊕ 𝑘}

Intuitively, the postcondition says that if all control qubits are set to 1, then the value of the target

should be flipped (denoted using the xor operator ⊕). Pre𝑘 and Post𝑘 can be modelled using LSTAs

in a similar way as in Fig. 11. Specification of other multi-control gates could be done likewise.

4
One could, indeed, make a copy of the input qubit values, but this would cause a blow-up in the size of the underlying

representation, losing the compactness of LSTAs.
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𝑥1

𝑥2 𝑥2

𝑣ℎ 𝑣ℓ 𝑣ℓ 𝑣ℓ

(a) At the precondition

𝑥1

𝑥2 𝑥2

𝑣ℎ+3𝑣ℓ
2

𝑣ℎ−𝑣ℓ
2

𝑣ℎ−𝑣ℓ
2

𝑣ℎ−𝑣ℓ
2

(b) After executing the circuit 𝐶

𝑥1

𝑥2 𝑥2

|□|2 > |𝑣ℎ |2 |□|2 < |𝑣ℓ |2 |□|2 < |𝑣ℓ |2 |□|2 < |𝑣ℓ |2

(c) A matching tree at the postcondition

Fig. 14. Verification of a circuit 𝐶 amplifying the amplitude of |00⟩.

4.3 Equivalence Checking

𝑝 𝑝1

𝑞1

0

𝑞1

1

𝑞2

0

𝑝2

𝑞2

1

𝑞𝑛−1

0

𝑝𝑛−1

𝑞𝑛−1

1

𝑞𝑛
0

𝑝𝑛

𝑞𝑛
1

0

1

1

{1} 𝑥1

{2} 𝑥1

{1, 2}
𝑥2

{1} 𝑥2

{2} 𝑥2

{1, 2}
𝑥2

{1, 2}
𝑥𝑛

{1} 𝑥𝑛

{2} 𝑥𝑛

{1, 2}
𝑥𝑛

{1}

{1}

{1}

Fig. 13. LSTA for the pre- and post-condition for equivalence checking

When considering the LSTA

model’s expressiveness as a spec-

ification language, it is inter-

esting to note that it can be

used to express that a circuit

implements the identity func-

tion, allowing for checking of

circuit equivalence. More pre-

cisely, given two circuits 𝐶1 and

𝐶2, we can check if they are equivalent by checking if𝐶1𝐶
†
2
is an identity, where𝐶

†
2
can be obtained

from 𝐶2 by reverting it (i.e., inputs are swapped with outputs) and substituting every gate by its

inverse. Since all quantum gates correspond to unitary matrices, their inverses can be obtained by

taking their conjugate transpose. For instance, the inverse of a single qubit gate𝑈 =
( 𝑢1 𝑢2

𝑢3 𝑢4

)
is the

gate𝑈 † =
( 𝑢1 𝑢3

𝑢2 𝑢4

)
in the same form, where 𝑢 is the complex conjugate of 𝑢 (therefore, whenever

we can implement the gate𝑈 , we can also obtain an implementation of the gate𝑈 †).
We can then verify if an 𝑛-qubit circuit is an identity by testing it against 2

𝑛
linearly inde-

pendent vectors and checking if each resulting vector matches its input vector (this is due to the

fact that the identity matrix is the only matrix that maps all vectors back to themselves; due

to linearity, it suffices to only try a maximal set of linearly independent vectors). Using LSTAs,

all 2
𝑛
of these tests can be performed simultaneously. We use trees corresponding to the set of

vectors {(0, 0, . . . , 1), . . . , (0, 1, . . . , 1), (1, 1, . . . , 1)}5 simultaneously as both the precondition and

the postcondition. The corresponding LSTA can be found in Fig. 13, with the number of transitions

linear to the number of qubits. We note three key observations: (i) the set of vectors is linearly

independent, (ii) the vectors do not represent quantum states, which is fine due to the linearity of

quantum gate operations, and (iii) each vector has a unique number of ones; therefore, every vector

has a distinct Euclidean norm. Since quantum gates are unitary operators, this norm is preserved,

ensuring that there will be exactly one vector with the specified norm in the output. Note that

not all linearly independent set of vectors can be used, such as the standard basis of R2
𝑛

, since the

vectors there have the same norm, so we would lose the one-to-one correspondence between the

input and output vectors.

4.4 Verification of Amplitude Constraints

Similarly to the work of [18], LSTAs can be extended to support symbolic amplitudes. For example,

when verifying an amplitude amplification algorithm (such as Grover’s search [30]), we can use

variables 𝑣ℎ and 𝑣𝑙 as amplitudes (leaf labels) of the LSTA representing the precondition and describe

the relation between the two variables using a global constraint, such as 𝜑 : |𝑣ℎ + 3𝑣ℓ | > |2𝑣ℎ |,
which was used in [18] for Grover’s search. A tree accepted by such an LSTA is in Fig. 14a and

the output obtained after symbolically executing a circuit 𝐶 that amplifies the amplitude of |00⟩
5
The set can be defined formally as the set { (𝑏1, 𝑏2, . . . , 𝑏2

𝑛 ) ∈ {0, 1}2𝑛 | 0 ≤ 𝑏1 ≤ 𝑏2 ≤ . . . ≤ 𝑏2
𝑛 = 1}.
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𝑝
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{1, 2}
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(a) Basis states

𝑝

𝑞0, 𝑞1, 𝐿𝑞1, 𝑞0, 𝐿 𝑞1, 𝑞0, 𝑅 𝑞0, 𝑞1, 𝑅

𝑟1, 𝑟0, 𝐿 𝑟0, 𝑟0, 𝐿 𝑟0, 𝑟1, 𝐿 𝑟1, 𝑟0, 𝑅 𝑟0, 𝑟0, 𝑅 𝑟0, 𝑟1, 𝑅

1√
2

0

1√
2

−1√
2

0

1√
2

{1}
𝑥1

{2}
𝑥1

{1}
𝑥2

{2}
𝑥2

{1}{1}
𝑥2

{2}
𝑥2
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𝑥2

{2}
𝑥2

{1}{1}
𝑥2

{2}
𝑥2

{1}{1}{1} {1}{1}{1}

(b) Applying H1 to the LSTA from (a)

𝑝

𝑞+ 𝑞−

𝑟+ 𝑟0 𝑟−

1√
2

−1√
2

0

{1}
𝑥1

{2}
𝑥1

{1}
𝑥2

{2}
𝑥2

{1}{1}
𝑥2

{2}
𝑥2

{1} {1} {1}

(c) Reduced LSTA from (b)

Fig. 15. An example of applying a single-qubit gate on a set of quantum states represented using an LSTA.

over the tree is in Fig. 14b. At the post-condition LSTA, we label the leaves with predicates in the

form of |□|2 > |𝑥 |2 or |□|2 > 90% to denote that the matching leaf probability (denoted as |□|2)
should be bigger than the value of the precondition |𝑥 |2 or the constant 90 %, respectively, for 𝑥
being some of the used variables. In Fig. 14c, we demonstrate an example of a tree accepted by the

post-condition LSTA. Notice that if we put all leaf amplitudes of Fig. 14b into the matching □ of

the tree in Fig. 14c, the resulting formula is implied by the global constraint 𝜑 . For example, for the

branch |00⟩, we have that |𝑣ℎ + 3𝑣ℓ | > |2𝑣ℎ | =⇒ | 𝑣ℎ+3𝑣𝑙
2
|2 > |𝑣ℎ |2 is valid. In such a case, we say

that the resulting tree is accepted in the post-condition. The symbolic extension would allow us

to verify a circuit against properties such as that the full Grover’s circuit has >90 % probability of

finding a correct answer or that an amplitude amplification algorithm increases the probability of

finding a correct answer in each iteration.

5 Quantum Gates Operations

Assuming that preconditions and postconditions are given as LSTAs, our next step in the verification

of a quantum circuit is to compute the set of states reachable from the precondition after executing

the circuit. In this section, we will show, given an LSTAA representing a set of quantum states and

a quantum gate U, how to construct another LSTA U(A) with L(U(A)) = {U(𝑇 ) | 𝑇 ∈ L(A)}.
Applying the construction for each gate in the circuit, we will then obtain an LSTA representing

the set of reachable quantum states.

5.1 General Single-Qubit Gate

Let A = ⟨𝑄, Σ,Δ,R⟩ be an LSTA representing a set of quantum states and U be a single-qubit gate

U =
( 𝑢1 𝑢2

𝑢3 𝑢4

)
. Recall that applying U to the 𝑡-th qubit of a quantum state combines the 0-subtree 𝑇0

and the 1-subtree 𝑇1 under each node labelled with 𝑥𝑡 . For every pair of 𝑇0 and 𝑇1 under a node

labeled 𝑥𝑡 , with leaf amplitudes of 𝑎1, 𝑎2, . . . , 𝑎𝑘 and 𝑏1, 𝑏2, . . . , 𝑏𝑘 respectively, the new state will

have a new 0-subtree with the amplitudes (𝑢1 · 𝑎1 +𝑢2 · 𝑏1), (𝑢1 · 𝑎2 +𝑢2 · 𝑏2), . . . , (𝑢1 · 𝑎𝑘 +𝑢2 · 𝑏𝑘 ),
and a 1-subtree with the amplitudes (𝑢3 · 𝑎1 + 𝑢4 · 𝑏1), (𝑢3 · 𝑎2 + 𝑢4 · 𝑏2), . . . , (𝑢3 · 𝑎𝑘 + 𝑢4 · 𝑏𝑘 ).
The construction is lifted from trees to LSTAs in Algorithm 1. The algorithm first constructs the

transitions of U𝑡 (A), which are partitioned into the following four sets:

• Δ′<𝑡 indicates that the transitions of qubits before 𝑥𝑡 remain the same.

• Δ′=𝑡 initiates a product construction, where both the left-hand side state 𝑞𝑙 and the right-hand

side state 𝑞𝑟 operate simultaneously. The symbols 𝐿 and 𝑅 are used to remember the operation

to perform when the construction reaches the leaves; 𝐿-labeled states combine leaf values

using 𝑢1 and 𝑢2 while 𝑅-labeled ones use 𝑢3 and 𝑢4.
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Algorithm 1: Application of a single-qubit gate on an LSTA

Input: An LSTA A = ⟨𝑄, Σ,Δ,R⟩ and a gate U𝑡 =
( 𝑢1 𝑢2

𝑢3 𝑢4

)
Output: U𝑡 (A)

1 Δ′<𝑡 := {𝑞−𝐶→ 𝑥𝑖 (𝑞𝑙 , 𝑞𝑟 ) ∈ Δ | 𝑖 < 𝑡};
2 Δ′=𝑡 := {𝑞−𝐶→ 𝑥𝑡 ((𝑞𝑙 , 𝑞𝑟 , 𝐿), (𝑞𝑙 , 𝑞𝑟 , 𝑅)) | 𝑞−𝐶→ 𝑥𝑡 (𝑞𝑙 , 𝑞𝑟 ) ∈ Δ};
3 Δ′>𝑡 := {(𝑞𝑙 , 𝑞𝑟 , 𝐷)−𝐶1∩𝐶2→ 𝑥𝑖 ((𝑞𝑙𝑙 , 𝑞

𝑙
𝑟 , 𝐷), (𝑞𝑟𝑙 , 𝑞

𝑟
𝑟 , 𝐷)) | 𝑖 > 𝑡 ∧ 𝑞𝑙−𝐶1→ 𝑥𝑖 (𝑞𝑙𝑙 , 𝑞

𝑟
𝑙
), 𝑞𝑟−𝐶2→ 𝑥𝑖 (𝑞𝑙𝑟 , 𝑞𝑟𝑟 ) ∈ Δ, 𝐷 ∈ {𝐿, 𝑅}};

4 Δ′
0

:= {(𝑞𝑙 , 𝑞𝑟 , 𝐿)−𝐶1∩𝐶2→ 𝑢1 · 𝑎 + 𝑢2 · 𝑏, (𝑞𝑙 , 𝑞𝑟 , 𝑅)−𝐶1∩𝐶2→ 𝑢3 · 𝑎 + 𝑢4 · 𝑏 | 𝑞𝑙−𝐶1→ 𝑎, 𝑞𝑟−𝐶2→ 𝑏 ∈ Δ};
5 𝑄 ′ := 𝑄 ∪ (𝑄 ×𝑄 × {𝐿, 𝑅}); Δ′ := Δ′<𝑡 ∪ Δ′=𝑡 ∪ Δ′>𝑡 ∪ Δ′

0
; Σ′ := Σ ∪ {𝑢1 · 𝑎 + 𝑢2 · 𝑏,𝑢3 · 𝑎 + 𝑢4 · 𝑏 | 𝑎, 𝑏 ∈ Σ0};

6 return ⟨𝑄 ′, Σ′,Δ′,R⟩;

• Δ′>𝑡 continues the product construction while remembering 𝐿 and 𝑅 and taking the intersec-

tion of the choices from both sides.

• Δ′
0
combines the probability amplitude of the leaves based on the symbol 𝐿 and 𝑅.

The H gate is a special case of a single-qubit gate, with 𝑢1 = 𝑢2 = 𝑢3 = 1√
2

, and 𝑢4 = − 1√
2

. An

example of applying the H gate to an LSTA can be found in Fig. 15, and the result of applying our

LSTA reduction algorithm (Section 6.3) to simplify its structure further can be found in Fig. 15c.

Theorem 8. L(U𝑡 (A)) = {U𝑡 (𝑇 ) | 𝑇 ∈ L(A)} and |U𝑡 (A)| = 𝑂 ( |A|2).

5.2 Controlled Gate

For simplification, we will focus on the controlled gate CU
𝑐
𝑡 . This gate applies a single-qubit gate U𝑡

when the control qubit 𝑥𝑐 is 1. We will be using the LSTA A = ⟨𝑄, Σ,Δ,R⟩ as the input.
While constructing CU

𝑐
𝑡 (A), when we encounter a transition labeled with the control qubit 𝑥𝑐 ,

on the 0-subtree, we want to simulate the behavior ofA (because nothing should change when the

control qubit is 0), while on the 1-subtree, we want to simulate the LSTA U𝑡 (A). We, however, also

need to keep the synchronization between the 0- and 1-subtrees in order not to mix the 0-subtree

of one quantum state with the 1-subtree of another quantum state from L(A).
𝑝

𝑞′+ 𝑞+ 𝑞−

𝑟 ′+ 𝑟 ′
0

𝑟+, 𝑟0, 𝐿 𝑟+, 𝑟0, 𝑅 𝑟0, 𝑟+, 𝐿 𝑟0, 𝑟+, 𝑅 𝑟−, 𝑟0, 𝐿 𝑟−, 𝑟0, 𝑅 𝑟0, 𝑟−, 𝐿 𝑟0, 𝑟−, 𝑅
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0 0
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2
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−1√
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−1√
2

0

{1}
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{2}
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{1}
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Fig. 16. An LSTA obtained after applying CX
1

2
to the LSTA in Fig. 15c

Our algorithm is built

on top of Algorithm 1,

which computes the LSTA

U𝑡 (A). The main bene-

fit of having U𝑡 (A) is
that the 𝑥𝑐 -labeled tran-

sitions in U𝑡 (A) have
the information from

both A and U𝑡 (A) on
both 0- and 1- subtrees

stored in product states

(states from 𝑄 ×𝑄 × {𝐿, 𝑅}). Therefore, we only need to adjust its 0-subtree to stay in A.

We present the full construction in Algorithm 2. The algorithm updates transitions from U𝑡 (A)
labeled with the control qubit 𝑥𝑐 such that the 0-branch will connect to the corresponding state in

the transition system of A′, a primed copy of the input LSTA (Lines 3–6). For the case of 𝑐 < 𝑡 , we

simply redirect the 0-branch from the state 𝑞1 to its primed version 𝑞′
1
. When 𝑐 > 𝑡 , 𝑞1 is a product

state of the form (𝑞𝑎, 𝑞𝑏, 𝐷) for 𝐷 ∈ {𝐿, 𝑅}, so we reconnect 𝑞1 to 𝑞
′
𝑎 for the 𝐿 case and to 𝑞′

𝑏
for

the 𝑅 case. The construction keeps all other transitions intact. We provide an example in Fig. 16.

We can generalize it to multi-control gates by allowing more controlled qubits at Line 3.

Theorem 9. L(CU
𝑐
𝑡 (A)) = {CU

𝑐
𝑡 (𝑇 ) | 𝑇 ∈ L(A)} and |CU

𝑐
𝑡 (A)| = |A| + |U𝑡 (A)|.
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Algorithm 2: Application of a controlled gate on an LSTA

Input: An LSTA A = ⟨𝑄, Σ,Δ,R⟩, a single-qubit gate U𝑡 =
( 𝑢1 𝑢2

𝑢3 𝑢4

)
, a control qubit 𝑥𝑐

Output: CU
𝑐
𝑡 (A)

1 Build U𝑡 (A) = ⟨𝑄U, ΣU,ΔU,R⟩ using Algorithm 1, with 𝑄U = 𝑄 ∪ (𝑄 ×𝑄 × {𝐿, 𝑅});
2 Build A′ = ⟨𝑄 ′, Σ,Δ′,R′⟩, a primed copy of A;

3 foreach 𝛿 = 𝑞−𝐶→ 𝑥𝑐 (𝑞1, 𝑞2) ∈ ΔU
do

4 if 𝑞1 ∈ 𝑄 then replace 𝛿 with 𝑞−𝐶→ 𝑥𝑐 (𝑞′1, 𝑞2) in ΔU
; // case 𝑐 < 𝑡

5 else if 𝑞1 = (𝑞𝑎, 𝑞𝑏, 𝐿) then replace 𝛿 with 𝑞−𝐶→ 𝑥𝑐 (𝑞′𝑎, 𝑞2) in ΔU
;

6 else if 𝑞1 = (𝑞𝑎, 𝑞𝑏, 𝑅) then replace 𝛿 with 𝑞−𝐶→ 𝑥𝑐 (𝑞′𝑏, 𝑞2) in ΔU
;

7 return ⟨𝑄𝑈 ∪𝑄 ′, Σ𝑈 ∪ Σ,Δ𝑈 ∪ Δ′,R⟩

5.3 Optimizations for the X Gates and Diagonal Matrix Gates

Most single-qubit gates implemented in state-of-the-art quantum computers belong to this category,

making it worth considering for special treatment. Note that these constructions are similar to the

permutation-based construction in [19], but differ in the need for the treatment of choices.

We first show the construction of the LSTA for the X𝑡 gate. For an LSTA A, we can capture the

effect of the X𝑡 gate to all quantum states in L(A) by swapping the left and the right children of all

𝑥𝑡 -labeled transitions 𝑞−𝐶→ 𝑥𝑡 (𝑞0, 𝑞1), i.e., update them to 𝑞−𝐶→ 𝑥𝑡 (𝑞1, 𝑞0). All other transitions
will stay the same. We use X𝑡 (A) to denote the LSTA constructed following this procedure.

Theorem 10. L(X𝑡 (A)) = {X𝑡 (𝑇 ) | 𝑇 ∈ L(A)} and |X𝑡 (A)| = |A|.
Applying the diagonal matrix gate D

𝑟0,𝑟1

𝑡 on the qubit 𝑥𝑡 multiplies all leaves of all 0-subtrees

rooted in 𝑥𝑡 nodes with 𝑟0 and leaves of 1-subtrees rooted therein with 𝑟1. The construction is

formally given in Algorithm 3. In the algorithm, internal 𝑥𝑡 -transitions 𝑞 −𝐶→ 𝑥𝑡 (𝑞0, 𝑞1) are
modified to 𝑞−𝐶→ 𝑥𝑡 (𝑞0, 𝑞

′
1
), where 𝑞′

1
is a copy of 𝑞1 in the primed version A′ of A. Then all

leaves in A are multiplied by 𝑟0 and all leaves in A′ are multiplied by 𝑟1.

Theorem 11. L(D𝑟0,𝑟1

𝑡 (A)) = {D𝑟0,𝑟1

𝑡 (𝑇 ) | 𝑇 ∈ L(A)} and |D𝑟0,𝑟1

𝑡 (A)| = 2|A|.

6 LSTA Algorithms

With the algorithms of LSTA quantum gates operations, we can now compute the set of reachable

states from the precondition, represented as LSTA. We can then check if all reachable states are

allowed by the postcondition, using the language inclusion algorithm we are going to present in

this section. Besides language inclusion, we will cover other decision problems, complexity, and

algorithms of LSTA in this section for a complete presentation.

Algorithm 3: Application of a diagonal matrix gate on an LSTA

Input: An LSTA A = ⟨𝑄, Σ,Δ,R⟩, a diagonal matrix gate D
𝑟0,𝑟1

𝑡

Output: D
𝑟0,𝑟1

𝑡 (A)
1 Build A′ = ⟨𝑄 ′, Σ,Δ′,R′⟩, a primed copy of A;

2 Replace internal 𝑥𝑡 -transitions 𝑞−𝐶→ 𝑥𝑡 (𝑞0, 𝑞1) from Δ with 𝑞−𝐶→ 𝑥𝑡 (𝑞0, 𝑞
′
1
);

3 Replace leaf transitions 𝑞−𝐶→ 𝑘 from Δ with 𝑞−𝐶→ 𝑟0 · 𝑘 ; Add 𝑟0 · 𝑘 to Σ;

4 Replace leaf transitions 𝑞′−𝐶→ 𝑘 from Δ′ with 𝑞′−𝐶→ 𝑟1 · 𝑘 ; Add 𝑟1 · 𝑘 to Σ;

5 return ⟨𝑄 ∪𝑄 ′, Σ,Δ ∪ Δ′,R⟩;
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Algorithm 4: LSTA non-emptiness algorithm

Input: An LSTA A = ⟨𝑄, Σ,Δ,R⟩ with R ≠ ∅
Output: true iff L(A) ≠ ∅

1 Guess 𝑟 ∈ R and assign 𝑆 ← {𝑟 };
2 while 𝑆 ≠ ∅ do
3 Let Γ ⊆ Δ be a nondeterministically constructed set of transitions such that for all 𝑞 ∈ 𝑆 ,

there is exactly one transition 𝛿𝑞 ∈ Γ such that top(𝛿𝑞) = 𝑞;

4 if Γ does not exist or
⋂

𝛿∈Γ ℓ (𝛿) = ∅ then return false;
5 𝑆 := {𝑞1, 𝑞2 | 𝑞−𝐶→ 𝑓 (𝑞1, 𝑞2) ∈ Γ};
6 return true;

6.1 Intersection, Union, Complementation, and Emptiness Testing

Theorem 12. LSTAs are closed under union and intersection but not closed under complementation.

Proof. Complementation Fix a set of ranked alphabet Σ = {𝑥, 𝑎}, we can construct an LSTA

accepting empty language, however, we will show in Theorem 17 that we cannot construct one

accepting all possible trees using Σ.

Union Let A 𝑗 = ⟨𝑄 𝑗 , Σ,Δ 𝑗 ,R 𝑗 ⟩, for 𝑗 = 1, 2, be two LSTAs, their union A1 ∪ A2 can be

constructed by combining the transition systems of A1 and A2. This involves creating a disjoint

union of their states, transitions, root states, and symbols. That is,

A1∪2 = ⟨𝑄, Σ,Δ,R⟩, where 𝑄 = 𝑄1 ⊎𝑄2,R = R1 ⊎ R2, and Δ = Δ1 ⊎ Δ2.

Intersection On the other hand, their intersection can be constructed via a product construction
and reassign each pair of choices to a fresh number. That is,

A1∩2 = ⟨𝑄 ′, Σ,Δ′,R′⟩, where 𝑄 ′ = 𝑄1 ×𝑄2,R′ = R1 × R2, and

Δ′ = {(𝑞1, 𝑞2)−𝑁 (𝐶1×𝐶2 )→ 𝑓 ((𝑞1

𝑙
, 𝑞2

𝑙
), (𝑞1

𝑟 , 𝑞
2

𝑟 )) | 𝑞1−𝐶1→ 𝑓 (𝑞1

𝑙
, 𝑞1

𝑟 ) ∈ Δ1∧𝑞2−𝐶2→ 𝑓 (𝑞2

𝑙
, 𝑞2

𝑟 ) ∈ Δ2}
∪{(𝑞1, 𝑞2)−𝑁 (𝐶1×𝐶2 )→ 𝑘 | 𝑞1−𝐶1→ 𝑘 ∈ Δ1 ∧ 𝑞2−𝐶2→ 𝑘 ∈ Δ2}

Here, 𝑁 (𝐶1 ×𝐶2) is a set of choices obtained by mapping every choice pair in 𝐶1 ×𝐶2
to a unique

number in N. Proofs of the correctness of these constructions are standard. □

Theorem 13. LSTA emptiness is PSPACE-complete.

Proof. PSPACE-membership We will show that LSTA non-emptiness is in NPSPACE, which

implies that LSTA emptiness is in co-NPSPACE, and the result will follow by the Immerman–Szelep-

csényi theorem (co-NPSPACE = NPSPACE) and Savitch’s theorem (NPSPACE = PSPACE).

By Algorithm 4, we show that LSTA non-emptiness is in NPSPACE. At every step, Algorithm 4

only remembers the current value of 𝑆 , Γ, and the new values of 𝑆 , which are all of a polynomial

size w.r.t. the size of A. The algorithm takes advantage of the fact that at every level of a 𝐿𝑆𝑇𝐴

run, the transitions should take the same choice, and therefore all occurrences of 𝑞 at a level must

agree on the same transition. As a result, the subtrees of the same state 𝑞 at a level are also the

same, and, therefore, we need to keep track of only one occurrence.

PSPACE-hardness By reduction from the PSPACE-complete problem of universality of a non-
deterministic finite automaton (NFA) that has in each state over every symbol exactly two non-

deterministic transitions. One can show that universality for this sub-class of NFAs is still PSPACE-

hard, e.g., by modifying the standard proof in [25, Theorem 3.13]. The proof in [25] goes by
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reduction from the PSPACE-complete problem of membership of a string in the language of a lin-

early bounded automaton (LBA). It constructs an NFA that rejects a sequence of configurations that

corresponds to an accepting run of the LBA, and accepts all other sequences of symbols. So it holds

that the input is not in the language of the LBA iff the language of the NFA is universal. This can

be modified for the considered class of NFAs by relaxing the structure of the LBA’s configurations,

allowing to use “empty symbols” on the tape. Details are technical.

LetM = (𝑄, Σ, 𝛿, 𝐼 , 𝐹 ) be an NFA of the class above over (standard unranked) alphabet Σ with

the sets of initial and final states 𝐼 , 𝐹 ⊆ 𝑄 and the transition function 𝛿 : 𝑄 ×Σ→ 2
𝑄
, where it holds

for all 𝑞 ∈ 𝑄 and 𝑎 ∈ Σ that |𝛿 (𝑞, 𝑎) | = 2 as mentioned above. W.l.o.g., we assume thatM contains

at least one initial state and that Σ = {1, . . . , 𝑛}. We construct the LSTA AM = (𝑄, {♠, ◦},Δ𝛿 , 𝐼 )
where ♠ and ◦ are new symbols with arity 0 and 2 respectively. The LSTA, intuitively, works as

follows: Symbols from Σ ∪ {0} are encoded into choices on transitions. The tree generated by AM
corresponds to the computational tree of the textbook algorithm performing universality check

onM by doing on-the-fly determinization and checking for a macrostate that contains no state

from 𝐹 . AM will accept such a tree because only states that are non-accepting inM contain a leaf

transition in AM (synchronized using choice 0). Formally, Δ𝛿 is defined as follows:

Δ𝛿 = {𝑞−{0}→ ♠ | 𝑞 ∉ 𝐹 } ∪ {𝑞−{𝑖}→ ◦(𝑞1, 𝑞2) | 𝛿 (𝑞, 𝑖) = {𝑞1, 𝑞2}}, (1)

It holds that the (word) language ofM is not Σ∗ iff the (tree) language of AM is non-empty. □

6.2 Entailment Testing

Theorem 14. The inclusion of languages of two LSTAs is decidable.

Proof. Reduce to graph reachability The inclusion L(A) ⊆ L(B) between two LSTAs A =

⟨𝑄A, Σ,ΔA,RA⟩ and B = ⟨𝑄B, Σ,ΔB,RB⟩ can be reduced to graph reachability in a directed graph

(𝑉 ,𝐴), with the vertices in 𝑉 of the form (𝐷, {𝐹1, . . . , 𝐹𝑚}) where 𝐷 ⊆ 𝑄A is the domain and

𝐹𝑖 : 𝐷 → 2
𝑄B

is a total map that assigns sets of states of B to states of A from the domain 𝐷 . The

algorithm makes use of the following essential property of trees generated by an LSTA A: if two

nodes at the same level of a tree 𝑇 are labelled by the same state in an accepting run of A on 𝑇 ,

then the subtrees rooted in these nodes are identical (this follows from the semantics of LSTAs and

the restriction on transitions, cf. Section 3.1).

𝑞 𝑞

𝑞𝑙 𝑞𝑟 𝑞𝑙 𝑞𝑟

B, 𝜌𝑖A, 𝜌

𝑟 𝑠

𝑟 𝑙 𝑟𝑟 𝑠𝑙 𝑠𝑟

𝑥1

{1}
𝑓𝑞

{1}
𝑓𝑞

𝑥1

{1}
𝑓𝑞

{1}
𝑓𝑞

𝐹𝑖

𝐺 𝑗

Fig. 17. Computing 𝐺 𝑗 from 𝐹𝑖

Intuitively,𝐷 represents the set of states

ofA in a level of a run 𝜌 ofA, and every 𝐹𝑖
represents the same level of some possible

run 𝜌𝑖 of B on the same tree, and how it

can cover the run 𝜌 of A. For instance,

in Fig. 17, the state 𝑞 of A corresponds to

the states 𝑟 and 𝑠 of B because they are

used in the same tree level and the same

tree nodes. So we have 𝐹𝑖 (𝑞) = {𝑟, 𝑠}. Due
to the property that all occurrences of a

state at the same level in a run generate the same subtree mentioned above, we only need to

maintain encountered states and their alignment with each another.

Source and terminal vertices They correspond to the root and leaf tree levels, respectively.

(1) A vertex ({𝑞}, {{𝑞 ↦→ 𝑟1}, . . . , {𝑞 ↦→ 𝑟𝑘 }}) with 𝑞 ∈ RA and RB = {𝑟1, . . . 𝑟𝑘 } is a source
vertex. Intuitively, both automata start their runs in their root states.
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(2) A vertex (∅, F ) where ∅ ∉ F is a terminal vertex. Intuitively, empty domain means that at

that level of the run of A, all branches of the tree have already ended at leaves, hence A
accepts the tree. On the other hand, ∅ ∉ F means that B did not have any run on the same

tree that would end at leaves and accept. The tree is therefore accepted only by A.

Arrows Starting from a vertex U = (𝐷, {𝐹1, . . . , 𝐹𝑚}), we construct an arrow (U, V) with V =

(𝐸,G) as follows. First, we construct sets of transitions outgoing from𝐷 such that in each set ΓA , we
select exactly one downward transition 𝛿𝑞A originating from each 𝑞A ∈ 𝐷 , such that all transitions

in ΓA share a common choice (as required by the definition of an accepting run (cf. Section 3.1).

Formally, given 𝐷 = {𝑞1, . . . , 𝑞𝑘 }, we consider all sets of transitions ΓA = {𝛿1, . . . , 𝛿𝑘 } such that the

following formula holds:

(∀1 ≤ 𝑖 ≤ 𝑘 : 𝛿𝑖 ∈ Δ ∧ top(𝛿𝑖 ) = 𝑞𝑖 ) ∧ ⋂{ℓ (𝛿𝑖 ) | 1 ≤ 𝑖 ≤ 𝑘} ≠ ∅. (2)

The domain of the target V is then obtained from ΓA as the set 𝐸 = {𝑞𝑙 , 𝑞𝑟 | 𝑞−𝐶→ 𝑓𝑞 (𝑞𝑙 , 𝑞𝑟 ) ∈ ΓA}.
If all transitions in ΓA are leaf transitions, then 𝐸 = ∅. We note that it is perfectly possible that

no ΓA exists for some vertex U, in which case U has no successor.

For the construction of G, we need to maintain the correspondences recorded in 𝐹1, . . . , 𝐹𝑚 .

Therefore, for every set ΓA and every mapping 𝐹𝑖 ∈ F , we create a set of mappings {𝐺1, . . . ,𝐺𝑛}
as follows: First, we construct sets ΓB of (synchronized) transitions leaving img(𝐹𝑖 ) in the same

way as in Eq. (2) (with 𝐷 substituted by img(𝐹𝑖 )). Then, for every transition 𝛿A ∈ ΓA , we find
the corresponding transition 𝛿B in the current ΓB (i.e., such that top(𝛿B) ∈ 𝐹𝑖 (top(𝛿A))). For the
pair 𝛿A and 𝛿B , we then check whether their symbols match, and if not, we dismiss the pair ΓA
and ΓB . On the other hand, if the symbols of all such pairs of transitions match, we construct the

new state mapping 𝐺 𝑗 such that for every 𝑞 ∈ 𝐸, we set

𝐺 𝑗 (𝑞) =
{
𝑠𝑙𝑞 | 𝑝−𝐶→ 𝑓 (𝑞, 𝑞𝑟 ) ∈ ΓA, 𝑠 ∈ 𝐹𝑖 (𝑝), 𝑠−𝐶′→ 𝑓 (𝑠𝑙𝑞, 𝑠𝑟𝑞) ∈ ΓB

}
∪{

𝑠𝑟𝑞 | 𝑝−𝐶→ 𝑓 (𝑞𝑙 , 𝑞) ∈ ΓA, 𝑠 ∈ 𝐹𝑖 (𝑝), 𝑠−𝐶′→ 𝑓 (𝑠𝑙𝑞, 𝑠𝑟𝑞) ∈ ΓB
}
.

We then merge all sets {𝐺1, . . . ,𝐺𝑛} for all 𝐹𝑖 ’s into one set G and construct the vertex (𝐸,G).
The graph is finite because 𝑄A and 𝑄B are finite. The inclusion holds iff the graph has no path

from a source to a terminal vertex.

Witness of L(A) ⊈ L(B) If we also remember the set ΓA in the graph vertex, we can construct

the tree to witness the non-inclusion following the path from a source vertex to a terminal vertex.

Recall that the 𝐷 part of a vertex (𝐷, {𝐹1, . . . , 𝐹𝑚}) corresponds to a tree level of A, and the set ΓA
gives the information on how the levels are linked together to form a tree.

Theorem 15. The LSTA language inclusion problem is PSPACE-hard and in EXPSPACE.

Proof. We can show that the problem is PSPACE-hard by a trivial reduction from the emptiness

problem (Theorem 13). For the upper bound, let us analyze the complexity of the inclusion algorithm

from the proof of Theorem 14. How many vertices are there in the graph? Since every node of

the graph has the structure (𝐷, {𝐹1, . . . , 𝐹𝑚}), the set of vertices is included in the set 2
𝑄A ×

2
𝑄A→2

𝑄B
= 2

𝑄A × 2
( (2𝑄B )𝑄A )

(we can change the original definition of 𝐹𝑖 to be a mapping of the

type 𝐹𝑖 : 𝑄A → 2
𝑄B

). We can then bound the number of vertices by the number

2
|𝑄A | · 2( (2|𝑄B | ) |𝑄A |) = 2

|𝑄A | · 2(2|𝑄B |·|𝑄A |) = 2
|𝑄A |+(2|𝑄B |·|𝑄A |)

(3)

The size of one node is then in O(|𝑄A | +
(
2
|𝑄B | · |𝑄A | )), i.e., exponential. Since inclusion is checked

by graph reachability, we can conclude that the problem is in EXPSPACE. □
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Algorithm 5: LSTA reduction

Input: An LSTA A = ⟨𝑄, Σ,Δ,R⟩
Output: A reduced LSTA with the same language as A

1 changed := true;
2 while changed do

3 changed := false;
4 foreach 𝛿1 = 𝑞−𝐶1→ 𝑥 (𝐵) and 𝛿2 = 𝑞−𝐶2→ 𝑥 (𝐵) ∈ Δ s.t. 𝐶1 ≠ 𝐶2 and 𝐵 ∈ 𝑄0 ∪𝑄2

do

5 Δ := (Δ \ {𝛿1, 𝛿2}) ∪ {𝑞−𝐶1∪𝐶2→ 𝑥 (𝐵)}; changed := true;

6 foreach 𝑝, 𝑞 ∈ 𝑄 s.t. 𝑝 ≠ 𝑞 do

7 if ∀𝐵 ∈ 𝑄0 ∪𝑄2,𝐶 ⊆ N0, 𝑥 ∈ Σ : 𝑞−𝐶→ 𝑥 (𝐵) ∈ Δ⇔ 𝑝−𝐶→ 𝑥 (𝐵) ∈ Δ then

8 Merge 𝑝 and 𝑞; changed := true;

9 return A;

6.3 LSTA Reduction

After executing corresponding operations for gates in the circuit on the precondition LSTA, the

size of the LSTA may increase exponentially w.r.t. the number of gates, even though each gate

operation is bounded by a quadratic factor. In practice, we employ a simple reduction algorithm for

LSTAs (Algorithm 5), which significantly aids in controlling the size of the generated LSTAs. The

algorithm effectively performs reduction w.r.t. the bottom-up bisimulation [3], i.e., it merges two

states with the same downward-behavior (Lines 6–8). In addition, the algorithm also deals with

transitions that are the same except for the set of choices—such transitions can be merged into one

(Lines 4–5). An example of the output of a reduction can be found in Fig. 15c. When run on LSTAs

that are acyclic (e.g., they represent quantum states with a fixed number of qubits), the algorithm

can be optimized by considering states in an order starting from states that only have leaf symbols,

going upwards, level by level.

6.4 Comparison with the Traditional Tree Automata Model

In traditional top-down deterministic tree automata (TAs), we would require the set of possible

transitions leaving 𝑞 under 𝑓 to be of cardinality one. With LSTAs, we allow this set to be larger,

but at every level of the run, the transitions should take the same choice. In contrast, a traditional

TA is almost the same with LSTA, with the exception that it does not use the labeled choices for

synchronization. Other modifications of traditional tree automata that allow global constraints to

go beyond regularity has been considered in the literature [13, 27, 32, 33, 47]. However, none of

them permits language inclusion test, which is essential for symbolic verification.

Theorem 16 (Succinctness). Traditional TAs need at least 2
𝑛−1 transitions to encode all 𝑛-qubits

GHZ states.

Proof. If we view each GHZ state as a tree (Fig. 5), there are 2
𝑛−1

0-subtrees, and each 1-subtree

corresponds to a unique 0-subtree. Using traditional tree automata without synchronization, we

would require 2
𝑛−1

root transitions, each connecting to a unique pair of one 0-subtree and two

1-subtrees. If there were fewer root transitions, then there would be two different 0-subtrees

generated by the same root transition, and any generated 1-subtree could be paired with both of

them. This contradicts the condition that each 1-subtree corresponds to a unique 0-subtree. □

General quantum gates create a correspondence between the subtrees (cf. Section 2.2.1 and Fig. 7),

and, hence, level-synchronization is critical in representing such sets of quantum states concisely.
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Fig. 19. Trees of 𝑛 = 1 have 2
2
varieties as branches below level 1

Theorem 17. The class of languages recognized by LSTAs is incomparable to regular tree languages.

𝑝 𝑞 𝑎
{2}

𝑥

{1}

𝑥

{1}

Fig. 18. LSTA recognizing

a non-regular tree language

Proof. Intuitively, we show that (i) LSTAs can accept sets of all perfect

trees of an arbitrary height using their synchronization mechanism

(while traditional TAs cannot) and, on the other hand, (ii) LSTAs cannot

accept the set of all trees (with each branch having an arbitrary length),

while traditional TAs can.

TA ≱ LSTA Here we define an LSTA A = ⟨{𝑝, 𝑞}, {𝑥, 𝑎},Δ, {𝑝}⟩
accepting all perfect binary trees whose leaves are labeled 𝑎 and internal

nodes are labeled 𝑥 . The LSTA is defined in Fig. 18. We use the choices to force trees to make a

consistent decision at each tree level: either all transitions generate leaves (choice 2) or internal

nodes (choice 1). We will show that the language of this LSTA is not expressible by traditional TAs.

We assume that there is a traditional TA A accepting all such states, which is an infinite set of

perfect trees. We use 𝑞𝑖
𝑙
and 𝑞𝑖𝑟 to denote the left and right bottom states, respectively, of the root

transition of some of A’s accepting run on a tree with height 𝑖 . Since there are a finite number of

states in A, and there are infinitely many accepted trees of different heights, there must be two

different heights, 𝑖 and 𝑗 , such that 𝑞𝑖
𝑙
= 𝑞

𝑗

𝑙
. This leads us to the conclusion that 𝑞𝑖

𝑙
has (due to

non-determinism) at least two possible subtrees with different heights below it. Since there is no

synchronizing mechanism between states at the same level, 𝑞𝑖
𝑙
can choose a subtree whose height

is different from the height of 𝑞𝑖𝑟 ’s subtree. Therefore, A can accept a tree that is not perfect and,

therefore, does not encode the set of perfect trees.

LSTA ≱ TA For the other direction, consider the non-deterministic traditional TA A = ⟨𝑄 =

{𝑞, 𝑞𝑎}, Σ = {𝑥, 𝑎},Δ,R = {𝑞}⟩ with transitions 𝑞 → 𝑥 (𝑞, 𝑞), 𝑞 → 𝑥 (𝑞𝑎, 𝑞𝑎), 𝑞𝑎 → 𝑎. Suppose

that L(A) can be recognized by a LSTA B = ⟨𝑄B, Σ,ΔB,RB⟩ with |𝑄B | =𝑚 states. Let 𝑛 ≫ 2𝑚.

Consider the trees 𝑇 that are perfect above height 𝑛, with all nodes with height ≤ 𝑛 labeled with 𝑥 .

Their subtrees below height 𝑛 are either of the form 𝑡𝑥 := 𝑥 (𝑥 (𝑎, 𝑎), 𝑥 (𝑎, 𝑎)) or 𝑡𝑎 := 𝑥 (𝑎, 𝑎) (see for
instance Fig. 19 for 𝑛 = 1). At height 𝑛, there are 2

𝑛
tree nodes, and each can pick either subtree 𝑡𝑎

or 𝑡𝑥 . Hence, there are 2
2
𝑛

such trees and these trees belong to L(A). By assumption, there are

accepting runs of the LSTA B associated to these trees. Since each state of B at the top of a level of

a tree run can only choose one unique transition, it follows that at the top of level 𝑛, B must have at

least 2 states, say 𝑞𝑥 and 𝑞𝑎 , in order to cover possible subtrees 𝑡𝑥 and 𝑡𝑎 respectively. Moreover, 𝑞𝑥
and 𝑞𝑎 can appear as left or right children of a transition used from level 𝑛 − 1 to level 𝑛 and there

are 2
2
possible pairs as bottoms of transitions. Thus, in order to cover all such trees, it requires at

least 2
2
states at the top of level 𝑛 − 1. In a similar fashion we can conclude that it requires at least

2
2
𝑚

states for level 𝑛 −𝑚 to cover all the tree runs for such trees. However, 2
2
𝑚

> 𝑚 and it leads to

a contradiction to the assumption that |𝑄B | =𝑚. Thus, the theorem follows. □

7 Experimental Evaluation

We implemented our LSTA-based verification framework as an updated version of AutoQ
6
. It is

written in C++ and combines the three needed components: the LSTA symbolic representation

6
https://github.com/fmlab-iis/AutoQ
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Table 1. Results of experiments. The columns #q and #G give the number of qubits and gates respectively of

the circuit. For AutoQ , we give the times needed to obtain the LSTA representing all outputs of the circuit

(post𝐶 ), test the inclusion with the post-condition (⊆), and the sum of these times (total). The timeout was

5min. We use colours to distinguish the best result and timeout/out-of-memory . “—” denotes that the tool

was not applicable due to some limitation. The missing blocks for FlipGate are because the circuits did not

contain CX gates. symQV timed out on all benchmarks from Correct and FlipGate and CaAL timed out on

all benchmarks in Correct so we do not show their columns for those cases.

Correct MissGate FlipGate

AutoQ

AutoQ-old SliQSim SV-Sim

AutoQ

AutoQ-old symQV CaAL

AutoQ

AutoQ-old CaAL

#q #G post𝐶 ⊆ total post𝐶 ⊆ total post𝐶 ⊆ total

B
V
-
S
i
n
g

96 241 0.2s 0.0s 0.2s 4.3s 0.0s OOM 0.2s 0.0s 0.2s 4.8s TO TO 0.2s 0.0s 0.2s 4.4s TO

97 243 0.2s 0.0s 0.2s 4.6s 0.0s OOM 0.2s 0.0s 0.2s 4.8s TO TO 0.2s 0.0s 0.2s 4.6s TO

98 246 0.3s 0.0s 0.3s 4.7s 0.0s OOM 0.2s 0.0s 0.2s 5s TO TO 0.3s 0.0s 0.3s 4.7s TO

99 248 0.2s 0.0s 0.2s 4.9s 0.0s OOM 0.3s 0.0s 0.3s 5.1s TO TO 0.3s 0.0s 0.3s 4.8s TO

100 251 0.3s 0.0s 0.3s 5s 0.0s OOM 0.2s 0.0s 0.2s 5.2s TO TO 0.2s 0.0s 0.2s 5s TO

B
V
-
A
l
l

19 30 0.0s 0.0s 0.0s 2.8s TO 53s 0.0s 0.0s 0.0s 2.9s TO TO

21 33 0.0s 0.0s 0.0s 8s TO TO 0.0s 0.0s 0.0s 7.3s TO TO

23 36 0.0s 0.0s 0.0s 23s TO TO 0.0s 0.0s 0.0s 44s TO TO

25 39 0.0s 0.0s 0.0s 1m11s TO TO 0.0s 0.0s 0.0s 1m58s TO TO

27 42 0.0s 0.0s 0.0s 4m45s TO TO 0.0s 0.0s 0.0s TO TO TO

G
H
Z
-
S
i
n
g

64 64 0.0s 0.0s 0.0s 0.3s 0.0s OOM 0.0s 0.0s 0.0s 0.4s TO TO 0.0s 0.0s 0.0s 0.3s TO

128 128 0.1s 0.0s 0.1s 2.5s 0.0s OOM 0.1s 0.0s 0.1s 2.5s TO TO 0.1s 0.0s 0.1s 2.7s TO

256 256 0.8s 0.0s 0.8s 20s 0.0s OOM 0.8s 0.0s 0.8s 20s TO TO 0.7s 0.0s 0.7s 20s TO

384 384 1.9s 0.0s 1.9s 1m10s 0.1s OOM 1.9s 0.0s 1.9s 1m12s TO TO 1.7s 0.0s 1.7s 1m9s TO

512 512 3.6s 0.0s 3.6s 2m49s 0.1s OOM 3.6s 0.0s 3.6s 2m59s TO TO 3.3s 0.0s 3.3s 2m52s TO

G
H
Z
-
A
l
l

8 8 0.0s 0.0s 0.0s 0.1s 1.5s 0.0s 0.0s 0.0s 0.0s 0.2s TO 30s 0.0s 0.0s 0.0s 0.1s 32s

16 16 0.0s 0.0s 0.0s TO TO 1m37s 0.0s 0.0s 0.0s TO TO TO 0.0s 0.0s 0.0s TO 55s

32 32 0.0s 0.0s 0.0s TO TO OOM 0.0s 0.0s 0.0s TO TO 1m28s 0.0s 0.0s 0.0s TO 1m27s

64 64 0.1s 0.0s 0.1s TO TO OOM 0.1s 0.0s 0.1s TO TO TO 0.1s 0.0s 0.1s TO 3m7s

128 128 0.6s 0.0s 0.6s TO TO OOM 0.5s 0.0s 0.5s TO TO TO 0.6s 0.0s 0.6s TO TO

G
r
o
v
e
r
-
S
i
n
g 24 5215 1.3s 0.0s 1.3s 10s TO TO 1.3s 0.0s 1.3s 10s TO — 1.5s 0.0s 1.5s 11s —

28 12217 3.8s 0.0s 3.8s 32s TO TO 3.9s 0.0s 3.9s 32s TO — 4.1s 0.0s 4.1s 35s —

32 28159 10s 0.0s 10s 1m28s TO OOM 16s 0.0s 16s 2m35s TO — 11s 0.0s 11s 1m41s —

36 63537 26s 0.0s 26s 4m3s TO OOM 45s 0.0s 45s TO TO — 28s 0.0s 28s 4m36s —

40 141527 1m8s 0.0s 1m8s TO TO OOM 1m28s 0.0s 1m28s TO TO — 1m13s 0.0s 1m13s TO —

G
r
o
v
e
r
-
A
l
l 18 357 0.2s 0.0s 0.2s 3.1s TO 38s 0.2s 0.0s 0.2s 3.6s TO TO 0.5s 0.0s 0.5s 10s TO

21 552 0.8s 0.0s 0.8s 10s TO TO 0.9s 0.0s 0.9s 12s TO — 1.8s 0.0s 1.8s 31s —

24 939 3.0s 0.1s 3.1s 38.1s TO TO 3.0s 0.1s 3.1s 44s TO — 7.1s 0.2s 7.3s TO —

27 1492 9.7s 0.8s 10.5s 2m20s TO TO 9.8s 0.7s 10.5s 3m38s TO — 25s 1.1s 26.1s TO —

30 2433 36s 3.3s 39.3s TO TO OOM 36s 3.2s 39.2s TO TO — 1m28s 4.2s 1m32s TO —

H
2

12 24 0.0s 0.0s 0.0s 40s 1m51s 0.5s 0.0s 0.0s 0.0s 39s TO TO

13 26 0.0s 0.0s 0.0s 2m35s TO 2.1s 0.0s 0.0s 0.0s 2m15s TO OOM

64 128 0.2s 0.0s 0.2s TO TO OOM 0.2s 0.0s 0.2s TO TO TO

128 256 0.9s 0.0s 0.9s TO TO OOM 1.0s 0.0s 1s TO TO TO

256 512 4.4s 0.0s 4.4s TO TO OOM 4.9s 0.0s 4.9s TO TO TO

H
X
H

10 30 0.0s 0.0s 0.0s 1.8s 11s 0.0s 0.0s 0.0s 0.0s 1.1s TO TO

11 33 0.0s 0.0s 0.0s 4.3s 34s 0.2s 0.0s 0.0s 0.0s 5.3s TO TO

12 36 0.0s 0.0s 0.0s 11.1s 1m51s 0.7s 0.0s 0.0s 0.0s 15s TO TO

13 39 0.0s 0.0s 0.0s 36.3s TO 2.9s 0.0s 0.0s 0.0s 1m51s TO TO

99 297 0.7s 0.0s 0.7s TO TO OOM 0.7s 0.0s 0.7s TO TO TO

M
C
T
o
f
f
o
l
i 16 15 0s/0s 0s/0s 0.0s/0.0s 0.0s/0.0s TO 7.7s 0s/0s 0s/0s 0.0s/0.0s 0.0s/0.0s TO TO 0s/0s 0s/0s 0.0s/0.0s 0.0s/0.0s TO

20 19 0s/0s 0s/0s 0.0s/0.0s 0.0s/0.0s TO TO 0s/0s 0s/0s 0.0s/0.0s 0.0s/0.0s TO TO 0s/0s 0s/0s 0.0s/0.0s 0.0s/0.0s TO

24 23 0s/0s 0s/0s 0.0s/0.0s 0.0s/0.0s TO TO 0s/0s 0s/0s 0.0s/0.0s 0.0s/0.0s TO TO 0s/0s 0s/0s 0.0s/0.0s 0.0s/0.0s TO

28 27 0s/0s 0s/0s 0.0s/0.0s 0.1s/0.1s TO TO 0s/0s 0s/0s 0.0s/0.0s 0.1s/0.1s TO TO 0s/0s 0s/0s 0.0s/0.0s 0.1s/0.1s TO

32 31 0s/0s 0s/0s 0.0s/0.0s 0.1s/0.2s TO OOM 0s/0s 0s/0s 0.0s/0.0s 0.1s/0.1s TO TO 0s/0s 0s/0s 0.0s/0.0s 0.2s/0.2s TO

G
r
o
v
e
r
-
I
t
e
r 3 13 0.0s 0.0s 0.0s 0.3s — — 0.0s 0.1s 0.1s TO 4m7s —

36 157 0.0s 0.0s 0.0s 2.0s — — 0.0s 0.0s 0.0s 2.3s TO —

100 445 2.2s 0.0s 2.2s 49s — — 2.4s 0.1s 2.5s 55s TO —

150 671 7.4s 0.1s 7.5s 3m35s — — 7.7s 0.1s 7.8s TO TO —

200 895 17s 0.1s 17.1s TO — — 18s 0.1s 18.1s TO TO —

from Sections 3 and 4, the gate operations from Section 5, and the entailment checking algorithm

from Section 6. As an input, AutoQ takes a quantum circuit 𝐶 in the OpenQASM format, a pre-

condition LSTA P, and a post-condition LSTA Q. Starting from the pre-condition LSTA P, AutoQ
reads the quantum gates from 𝐶 one by one and executes them symbolically to obtain an output

LSTA R. AutoQ then checks if L(R) ⊆ L(Q) using the entailment testing algorithm from Section 6.

When the test fails, AutoQ reports a reachable quantum state violating the post-condition for

diagnostics. We use a precise complex number representation similar to those in [19, 50, 62], with

an extension to allow a wider range of angles. For rotation gates such as RX (𝜃 ) and RZ (𝜃 ), we allow
𝜃 in the form of

𝑛
4
𝜋 for 𝑛 ∈ Z.
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Tools. We compared the new AutoQ with several state-of-the-art tools. Among these, the only

tool directly comparable (as it also performs automated Hoare-style verification) to AutoQ is

its predecessor [18, 19], which uses an approach based on traditional tree automata. Second, we

compared AutoQ against two symbolic quantum circuit verification tools: symQV [9], which is

based on the SMT theory of reals, and CaAL [20], which is based on an extended SMT theory

of arrays. In our evaluation, we specified equivalent functional correctness properties for each

benchmark example in their respective specification languages. Third, when the precondition

involves a finite number of quantum states, we can solve the verification task by using quantum
circuit simulators to simulate all allowed initial quantum states and validate against the postcondition.

Therefore, we also compared AutoQ with the state vector-based simulator SV-Sim [37] and the

decision diagram-based simulator SliQSim [50]. Validation against postcondition is, however, hard

for these two simulators because printing the final state as an explicit vector takes too much time.

Therefore, we report the time required for circuit simulation and omit the time for validation against

the postcondition. This gives us a conservative under-approximation of the time the simulators

would need for verification.

Benchmarks. We compared all tools on the following set of benchmarks:

• BV-Sing and BV-All: Bernstein-Vazirani’s algorithm [10] (Section 4.1) with one hidden

string and with all possible hidden strings of length 𝑛, respectively. For BV-Sing, the hidden

string is in the form of |1010 . . .⟩; for BV-All, hidden strings are decided by input.

• GHZ-Sing and GHZ-All: The GHZ circuit [29] with the pure zero input state |0𝑛⟩ and
with all possible input states {|𝑠10𝑠20 . . . 𝑠𝑛01⟩ | 𝑠1, 𝑠2, . . . 𝑠𝑛 ∈ B}.
• Grover-Sing and Grover-All: Grover’s search [30] circuit for a single oracle and for all

possible oracles of length 𝑛. For the former, the hidden item is |0101 . . .⟩. We verify that the

output amplitudes match the expected values.

• Grover-Iter: Verification of one iteration of Grover’s search w.r.t. the symbolic property

that the amplitude of the secret is amplified (Section 4.4).

• H2 and HXH: the former has two consecutive H gates for each qubit in an 𝑛-qubit quantum

circuit and the latter has one additional X gate in between the two H gates. Both use all

possible computational basis states as the pre-condition.

• MCToffoli: circuits implementing multi-control Toffoli gates of size 𝑛 using a variation

of Nielsen and Chuang’s decomposition [44] with standard Toffoli gates. The pre- and post-

conditions are those from Section 4.2. We always give a pair of results: for 𝑘=0/𝑘=1.

We further consider the following three scenarios:

• Correct: verification of a correct circuit.

• MissGate: finding a bug in a circuit obtained from a correct one by removing a random

gate.

• FlipGate: finding a bug in a circuit obtained from a correct circuit by selecting a random

CX gate and swapping its control and target qubits.

Evaluation and results. We conducted all our experiments on a server running Ubuntu 22.04.3

LTS with an AMD EPYC 7742 64-core processor (1.5 GHz), 2 TiB of RAM, and a 1 TB SSD; the

timeout was 5min. We give the results in Table 1.

In the Correct scenario, we can see that with the exception of the BV-Sing and GHZ-Sing

benchmarks (which aremuch easier because the precondition is a singleton set),AutoQ outperforms

other tools by several orders of magnitude and scales much better with increasing sizes of the

circuits. Even on the two mentioned benchmarks, AutoQ is still competitive; although slower than

SliQSim, it still performs much better than SV-Sim (which fails due to running out of memory).
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Comparing AutoQ with the closest competitor, AutoQ-old, which is based on traditional tree

automata, we can see that the use of LSTAs in most cases yields a dramatic speed-up, affirming the

usefulness of LSTAs. Neither symQV nor CaAL managed to finish on any of the benchmarks here.

In the MissGate and FlipGate scenarios, AutoQ again outperforms AutoQ-old by several

orders of magnitude. Contrary to the T scenario, symQV and CaAL manage to finish on a few

benchmarks (symQV: 1 benchmark in MissGate; CaAL: 3 benchmarks in MissGate and 4 bench-

marks in FlipGate), successfully catching the bugs. The performance of AutoQ is, however, still

much better.

We also demonstrate the expressiveness of LSTA as a specification language and the versatility

of AutoQ by using it to check the equivalence of circuits. AutoQ is not optimized for this task, and

as expected, it is not as efficient as specialized circuit equivalence checkers such as SliQEC [17, 54]

and Qcec [15], but it can still handle several practical cases. The largest case (in the number of

qubits) we can handle is the circuit add64_164 from RevLib [55], with 193 qubits and 256 gates

before optimization. We used Qiskit [7] to transpile and optimize it and then check equivalence of

the optimized circuit and the original one (cf. Section 4.3). AutoQwas able to verify the equivalence

between the two versions within 24 seconds.

We emphasize that the LSTA-based approach is the most efficient when the number of distinct

amplitude values of reachable quantum states is small. For circuits such as the quantum Fourier

transform (QFT), where the reachable quantum states have an exponential number of distinct

amplitude values, our approach with the current state encoding struggles. A potential alternative

encoding is discussed in Section 8.3.

8 Towards Parameterized Verification ofQuantum Circuits

Let us now move to verification of parameterized circuits, i.e., checking correctness of a (typically)

infinite family of quantum circuits with a similar structure (differing in the number of qubits). To

the best of our knowledge, parameterized verification of quantum circuits has not been addressed

by any fully automated approach so far. In this section, we will show that the use of LSTAs

enables automated verification of a certain class of parameterized circuits. In particular, we will

demonstrate how to use LSTAs to verify the parameterized GHZ circuit [29] and proceed to the

verification of other circuits used in practice, such as circuits implementing parameterized fermionic
unitary evolution. Our modelling and experiments with yet another class of parameterized circuits

performing diagonal Hamiltonian simulation can be found in [2]. At the end, we will discuss the

challenges and a direction towards a complete framework for parameterized circuit verification.

8.1 Verification of the Parameterized GHZ Circuit

An 𝑛-qubit GHZ state (for 𝑛 ≥ 1) is a state of the form
|0𝑛 ⟩+|1𝑛 ⟩√

2

and an LSTA recognizing such

states can be found in Fig. 20a. An 𝑛-qubit GHZ circuit is shown in Fig. 20b; it first executes the

𝐻1 gate and then the sequence of gates CX
1

2
, CX

2

3
, . . . ,CX

𝑛−1

𝑛 . The number of CX gates involved is

𝑛 − 1. The circuit transforms a quantum state of the form |0𝑛⟩ (represented by the LSTA in Fig. 6)

to
|0𝑛 ⟩+|1𝑛 ⟩√

2

(represented by the LSTA in Fig. 20a). To execute this family of circuits, we need to

support parameterized quantum gates, which is generally hard but still feasible in our framework

for some cases. We first introduce the parameterized CX(𝑛) gate, which implements the sequence

of 𝑛 − 1 CX gates on 𝑛 qubits (cf. Figs. 20b and 20c). We will now describe how the effect of such

a parameterized gate is computed on an LSTA representing a set of quantum states.

CX(𝑛) gate In Algorithm 6, we introduce a procedure to build an LSTA CX(𝑛) (A) representing
the set of states after executing the CX(𝑛) gate on all qubits. Recall that the effect of applying the

CX
𝑖
𝑖+1 gate on a state has the same effect of applying an 𝑋 𝑖+1

gate on the 1-subtree below every
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𝑝

𝑞𝑅𝑞𝐿

𝑞0

1√
2

1√
2

0

{1}
𝑥

{1}

𝑥

{1}

𝑥

{1}

𝑥

{2}

{2}

{2}

(a) An LSTA for the language

{ 1√
2

( |0𝑛⟩ + |1𝑛⟩) | 𝑛 ≥ 1}.

...

|𝑥1⟩ H

|𝑥2⟩

|𝑥3⟩

|𝑥𝑛−2⟩
|𝑥𝑛−1⟩

|𝑥𝑛⟩

(b) The GHZ circuit.

|𝑥1⟩ H

CX(𝑛)
...

|𝑥2⟩

...

|𝑥𝑛⟩

(c) The GHZ circuit using the pa-

rameterized CX(𝑛) gate.

Fig. 20. An LSTA for the set of GHZ states (a), the GHZ circuit (b), and the parameterized CX(𝑛) gate (c). We

note that in our uses of the CX(𝑛) gate (and other parameterized gates), the inputs are given by the order of

qubits (i.e., corresponding to the schema in (b)).

node labeled 𝑥𝑖 . Moreover, performing 𝑋 gate to all qubits of a state, i.e., the 𝑋 ⊗𝑛 gate, reverses the

corresponding vector of amplitudes, e.g., from (𝑎, 𝑏, 𝑐, 𝑑)𝑇 to (𝑑, 𝑐, 𝑏, 𝑎)𝑇 or, equivalently, reverses all

amplitude values of the tree. Thus, in Algorithm 6, we first construct a primed versionA = 𝑋 ⊗𝑛 (A),
which encodes trees obtained by reversing the amplitude values of states inL(A). Such an LSTAA
can be constructed fromA by swapping the two bottom states of all non-leaf transitions (Lines 1–2).

The resulting automaton is then obtained by combining A and A such that the right-hand bottom

state of A is reconnected to the corresponding state of A (Line 3), i.e., jumping to A when the

control qubit has value 1, and the left-hand bottom state of A is reconnected to the corresponding

state of A (Line 4), i.e., jumping back to the original LSTA when control qubit has value 0. Here,

Δ0 and Δ0 are the sets of leaf transitions.

Theorem 18. L(CX(𝑛) (A)) = {CX
𝑛−1

𝑛 (· · ·CX
1

2
(𝑇 ) · · · ) | 𝑇 ∈ L(A)} and |CX(𝑛) (A)| = 2|A|.

To verify the parameterized GHZ circuit, we begin by using the precondition 𝑃 provided in the

LSTA of Fig. 6. Next, we apply the H1 operation using Algorithm 1 and reduce the output. We

then run Algorithm 6 on this LSTA to obtain post𝐶 (𝑃). Finally, we check for inclusion against the

postcondition 𝑄 in Fig. 20a.

Non-parameterized gates Our construction of (non-parameterized) LSTA quantum gate oper-

ations from Section 5 targeting qubit 𝑥𝑡 requires explicitly assigned index numbers to the first 𝑡

qubits. We can obtain the explicit qubit numbering by unfolding the transitions for 𝑡 layers from

the root states and labeling them in order from 𝑥1 to 𝑥𝑡 .
7
We can unfold the last qubit 𝑥𝑡 using a

similar construction. After applied a quantum gate, the LSTA can be folded again by replacing all

indexed qubit symbols 𝑥𝑖 with 𝑥 and running a reduction algorithm.

8.2 Verification of Fermionic Unitary Evolutions

Two major challenges in the practical realization of the variational quantum eigensolver on noisy
intermediate-scale quantum (NISQ) computers are the design of ansatz states (i.e., states that serve

7
One way to do this is to create 𝑡 copies of the LSTA A and name them A1 to A𝑡 . Next, we rename the transition symbols

of A𝑖 from 𝑥 to 𝑥𝑖 and states from 𝑠 to 𝑠𝑖 for 1 ≤ 𝑖 ≤ 𝑡 . After that, we connect these LSTAs and form an unfolded one.

Starting from A1, for each state 𝑠1 that can be reached from root states in one step, we replace it with 𝑠2 and thus jump to

A2. We then find a one-step reachable state from 𝑠2 and jump to 𝑠3, and repeat this process until we jump from A𝑡 to A.
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|𝑥1⟩ RX ( 𝜋
4
)

CX(𝑛) CX(𝑛)−1

RX (−𝜋
4
) H

CX(𝑛) CX(𝑛)−1

H

|𝑥2⟩

...
...

...
...

...
...

|𝑥𝑛−1⟩

|𝑥𝑛⟩ H RZ ( 𝜋
2
) H RX ( 𝜋

4
) RZ (−𝜋

2
) RX (−𝜋

4
)

(a) A standard circuit performing a single fermionic excitation.

. . .

. . .

. . .

. . .

. . .

. . .

|𝑥1⟩ H

CX(𝑛) CX(𝑛)−1

H H

CX(𝑛) CX(𝑛)−1

H

|𝑥2⟩ H H H H

|𝑥3⟩

...
...

...
...

...
...

|𝑥𝑛−2⟩

|𝑥𝑛−1⟩ RX ( 𝜋
4
) RX (−𝜋

4
) H H

|𝑥𝑛⟩ H RZ (−𝜋
2
) H RX ( 𝜋

4
) RZ (−𝜋

2
) RX (−𝜋

4
)

(b) Part of the circuit performing a double fermionic excitation. See [59, Fig. 11] for the whole circuit.

Fig. 21. Circuits performing single and double fermionic excitations. The order of qubits for the CX(𝑛) and
CX(𝑛)−1

gates correspond to the order of qubits in Figs. 20b and 22.

· · ·

|𝑥1⟩
|𝑥2⟩

|𝑥3⟩

|𝑥𝑛−2⟩
|𝑥𝑛−1⟩

|𝑥𝑛⟩

Fig. 22. The CX(𝑛)−1
gate.

as the initial guess of the final value) and the construction of effi-

cient circuits to prepare these states for a parameterized number

of qubits. Most ansatz states considered by the quantum chem-

istry and material science communities correspond to applying

a series of fermionic unitary evolutions to an initial reference

state [59]. These evolutions are referred as single and double

fermionic excitations and can be transformed via Jordan-Wigner
encoding into the quantum circuits in Fig. 21a and Fig. 21b [59].

Note that the circuits use the parameterized CX(𝑛)−1
gate, which

is given in Fig. 22 and whose implementation in our framework is given in Algorithm 7. Both

circuits can be verified in our framework against the precondition {|0𝑛⟩ | 𝑛 ≥ 1} (Fig. 6).

Algorithm 6: Application of the CX(𝑛) gate on an LSTA

Input: An LSTA A = ⟨𝑄, Σ,Δ,R⟩ representing a parameterized set of quantum states

Output: An LSTA CX(𝑛) (A)
1 Build A = ⟨𝑄, Σ,Δ,R⟩, a barred copy of A with

2 Δ = {𝑞−𝐶→ 𝑓 (𝑞𝑟 , 𝑞𝑙 ) | 𝑞−𝐶→ 𝑓 (𝑞𝑙 , 𝑞𝑟 ) ∈ Δ} ∪ {𝑞−𝐶→ 𝑐 | 𝑞−𝐶→ 𝑐 ∈ Δ}; // A = X
⊗𝑛 (A)

3 Δ𝑅
:= {𝑞−𝐶→ 𝑓 (𝑞𝑙 , 𝑞𝑟 ) | 𝑞−𝐶→ 𝑓 (𝑞𝑙 , 𝑞𝑟 ) ∈ Δ} ∪

4 {𝑞−𝐶→ 𝑓 (𝑞𝑟 , 𝑞𝑙 ) | 𝑞−𝐶→ 𝑓 (𝑞𝑟 , 𝑞𝑙 ) ∈ Δ} ∪ Δ0 ∪ Δ0;

5 return A𝑅 = ⟨𝑄 ⊎𝑄, Σ,Δ𝑅,R⟩;
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Algorithm 7: Application of the CX(𝑛)−1
gate on an LSTA

Input: An LSTA A = ⟨𝑄, Σ,Δ,R⟩ representing a parameterized set of quantum states

Output: An LSTA CX(𝑛)−1 (A)
1 Build A = ⟨𝑄, Σ,Δ,R⟩ with
2 Δ = {𝑞−𝐶→ 𝑓 (𝑞𝑟 , 𝑞𝑙 ) | 𝑞−𝐶→ 𝑓 (𝑞𝑙 , 𝑞𝑟 ) ∈ Δ} ∪ {𝑞−𝐶→ 𝑐 | 𝑞−𝐶→ 𝑐 ∈ Δ}; // A = X

⊗𝑛 (A)
3 Δ𝑅

:= {𝑞−𝐶→ 𝑓 (𝑞𝑙 , 𝑞𝑟 ) | 𝑞−𝐶→ 𝑓 (𝑞𝑙 , 𝑞𝑟 ) ∈ Δ} ∪
4 {𝑞−𝐶→ 𝑓 (𝑞𝑟 , 𝑞𝑙 ) | 𝑞−𝐶→ 𝑓 (𝑞𝑟 , 𝑞𝑙 ) ∈ Δ} ∪ Δ0 ∪ Δ0;

5 return A𝑅 = ⟨𝑄 ⊎𝑄, Σ,Δ𝑅,R⟩;

CX(𝑛)−1
gate Algorithm 7 is very similar to Algorithm 6. The only difference between is that

on Line 4, the right-hand bottom state ofA is reconnected to the corresponding state ofA, not the

left-hand side state, i.e., we jump back to the original LSTA when the value of the control qubit is 1.

Theorem 19. L(CX(𝑛)−1 (A)) = {CX
1

2
(· · ·CX

𝑛−1

𝑛 (𝑇 ) · · · ) | 𝑇 ∈ L(A)} and |CX(𝑛)−1 (A)| = 2|A|.

Other parameterized gates Our framework supports not only CX(𝑛) and CX(𝑛)−1
gates, but

also 𝑋 ⊗𝑛 , (𝐷1,𝜔𝑚
𝑁 )⊗𝑛 , and some alternating patterns of CX gates. More details can be found in [2].

8.3 Evaluation and Discussion

We extended AutoQ to support parameterized verification and used it to verify the circuits from

Figs. 20c, 21a and 21b, and a circuit for diagonal Hamiltonian simulation (DHS; cf. [2]). The results

are given in Table 2. All of these families of circuits could be verified efficiently. Even though the

sets of encoded quantum states are infinitely large, their symbolic representation is compact (less

than 10 states and 20 transitions).

Table 2. Results for the verification

of parameterized circuits

AutoQ

#G post𝐶 ⊆ total

Fig. 20c 2 0.0s 0.0s 0.0s

DHS 4 0.0s 0.0s 0.0s

Fig. 21a 14 0.3s 0.0s 0.3s

Fig. 21b 88 1m54s 0.0s 1m54s

Our current approach supports a limited set of parameterized

quantum gates. Specifically, the gate 𝐻⊗𝑛 is currently beyond our

capability because applying it to the states |0𝑛⟩ would create an

infinite set of constant symbols { 1√
2

𝑘 | 𝑘 ∈ N}. To overcome this

challenge, we propose introducing a state variable 𝑠 to represent

the current basis state
8
(i.e., the values of qubits on the branch

in the tree) and using it in the leaf symbol. E.g., this would allow

us to use the singleton set { 1√
2

|𝑠 | } as the leaf symbols, where |𝑠 |
represents the number of qubits. It also makes the leaf symbols after executing a quantum Fourier
transform (QFT) circuit more concise. In the case of two qubits, QFT converts a quantum state

(𝑎, 𝑏, 𝑐, 𝑑)𝑇 to a tree with all leaves labeled with (𝑎 + 𝑏𝜔1·𝑠 + 𝑐𝜔2·𝑠 + 𝑑𝜔3·𝑠 ), which can be made

concise with the proposed encoding. We are quite enthusiastic about exploring this direction further

in the future, as it promises to extend our approach’s capabilities and open new possibilities for

parameterized quantum circuit verification.

9 Related Work

We split the related works into two parts. First, we provide an overview of approaches of quantum

circuits analysis and explain where our approach stands among existing tools. Then we will provide

a detailed comparison of the quantum predicates we use and those of D’Hondt and Panangaden [24],

which are used in the standard quantum Hoare logic of Ying [58].

8
A similar concept of using state variables is utilized in the path-sum approach [6, 16].
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9.1 Approaches forQuantum Circuit Analysis

In recent years, many techniques for analyzing, simulating, and verifying quantum circuits and

programs have emerged in the formal methods community.

Symbolic Quantum Circuit Verifiers: As mentioned in the introduction, these tools are fully

automated, flexible in specifying verification properties, and provide precise bug traces. The closest

work to ours is [18, 19], which uses traditional tree automata [23] to encode predicates representing

sets of quantum states.We use the same verification framework as in [18, 19], employing automata to

specify pre- and post-conditions and developing algorithms for the symbolic execution of quantum

gates. LSTAs solve the scalability issues in many cases where the size of the representation using

traditional TAs blew up (cf. Section 7), due to the introduction of level synchronization. Moreover,

our single qubit gate operations are quadratic, while those of [18, 19] are exponential. There are

two more tools that belong to this category: symQV [9] is based on symbolic execution [34] to verify

input-output relationship with queries discharged by SMT solvers over the theory of reals. The SMT

array theory approach [20] improved the previous by allowing a polynomial-sized circuit encoding

but still faces a similar scalability problem. As we can see from our experiments,AutoQ significantly

outperforms all of the above tools in this category by several orders of magnitude. Another scalable

fully automated approach for analysis of quantum circuits is quantum abstract interpretation [46, 60].
Our approach is more suitable for bug hunting as it does not rely on overapproximation, which is

used by quantum abstract interpretation.

Deductive quantum circuit/program verifiers: These tools allow the verification of quantum

programs w.r.t. very expressive specification languages (to be discussed in the next part). One most

prominent family of approaches is based on the so-called quantum Hoare logic [26, 38, 51, 58, 61].
These approaches, however, require significant manual work and user expertise (they are often

based on the use of interactive theorem provers such as Isabelle [45] and Coq [11]). The approach

implemented in Qbricks [16] tries to alleviate this issue by generating proof obligations and

discharging them automatically using SMT solvers, but this still requires a lot of interaction with

the user (e.g., when verifying Grover’s search for an arbitrary number of qubits, the experiment

needed over one hundred user interactions).

Quantum circuit equivalence checkers: These tools are usually fully automated but are limited to

only checking equivalence of two circuits. In contrast, our approach is flexible in specifying custom

properties. Equivalence checkers are based on several approaches. One approach is based on the

ZX-calculus [22], which is a graphical language used for reasoning about quantum circuits. The path-
sum approach (implemented, e.g., within the tool Feynman [6]) uses rewrite rules. Pre-computed

equivalence sets are used to prove equivalence inQuartz [57]. Qcec [15] is an equivalence checker

that uses decision diagrams and ZX-calculus, and SliQEC [17, 54] also uses decision diagrams

for (partial) equivalence checking. An approach based on working with the so-called stabilizer
states [49] can be used to verify the equivalence of circuits with Clifford gates in polynomial time.

Quantum circuit simulators: Simulators can be categorized into decision diagram-based [41, 48,

50, 62], vector-based [37], and tensor-network-based [39, 52]. These simulators are designed to

compute the circuit output for a single input state. They can also be used to verify the behavior of

quantum circuits for a finite number of input states by simulating all. Our experiments, however,

show that when preconditions permit exponentially many states, these simulators do not scale well

to large numbers of qubits. Our approach can be viewed as a generalization of the decision diagram-

based method, allowing us to handle sets of input states simultaneously. While tensor networks

(TN) have proven highly efficient in simulations for physics applications and “quantum supremacy”
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benchmarks, they have yet to be adapted for verification purposes. Investigating TN-based methods

for verification presents a promising avenue for future research. In particular, exploring how TN

simulation techniques, such as the decision diagram variant [31], could be extended to automata

for verification is a compelling direction for future work.

9.2 Comparison with theQuantum Predicates of D’Hondt and Panangaden [24]

In the set-based approach ([18, 19] and this paper), a predicate maps a pure state to 0 or 1. Automata

are used as compact representations of set-based predicates. A tree (representing a pure state) is

accepted by an automaton iff the predicate maps the corresponding pure state to 1. On the other

hand, in [24] and the quantum Hoare logic of Ying [58], a predicate is a mapping from a mixed state
(a distribution over pure states) to a real value between 0 and 1, capturing the likelihood of mixed

states satisfying the specified condition. An important advantage of the set-based approach is that

it includes an efficient automated verification algorithm, whereas standard quantum Hoare logic

typically relies on an interactive deductive method, requiring more manual effort. Furthermore, we

demonstrate the potential of the set-based approach for automatic parameterized verification of

quantum circuits.

The two type of predicates are incomparable in terms of expressive power. The predicates used

in [24] are “continuous” in the sense that two “similar” mixed states (say, up to trace distance) will

be mapped to two similar values. In contrast, our predicates are “discrete:” For two “similar” pure

states, our predicates can map one to 1 and the other to 0. There are pros and cons of both systems.

For instance, the “continuous” predicates [24, 58] can do a more fine-grained analysis of quantum
programs9; they can talk about the probability of a pure state at the output. They can also talk

about the expected value of a certain observation. In contrast, the “discrete” predicate can only

verify state non-zero reachability, but not the precise probability. Conversely, continuous predicates

cannot precisely describe discrete sets of states or vectors due to their continuous nature. Discrete

predicates can specify the identity of a circuit (and thus circuit equivalence) using a set of 2
𝑛
linearly

independent vectors simultaneously as the pre- and post-conditions (cf. Section 4), encoded with a

linear number of transitions relative to 𝑛. It might seem natural to represent a set of pure states

{|𝜙𝑖⟩ | 0 ≤ 𝑖 ≤ 𝑛} by summing their outer products,

∑
0≤𝑖≤𝑛 |𝜙𝑖⟩ ⟨𝜙𝑖 |, and use this as a predicate in

Ying’s quantum Hoare logic [58]. However, doing so can lead to ambiguity, as different sets of pure

states may correspond to the same predicate. For instance, the sets {|0⟩ , |1⟩} and {|−⟩ , |+⟩}10 yield
the same outer product sum, failing to distinguish between distinct pure states.

Nevertheless, the “continuous” predicates are not necessarily incompatible with the proposed

LSTA model. Using LSTAs to automate the reasoning over quantum program against “continuous”

predicates would be an interesting and fruitful research direction.
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